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Some identities involving the Laguerre 
polynomials ! 


Tingting Wang 
Department of Mathematics, Northwest University, Xi’an, Shaanxi, P.R.China 


Abstract Orthogonal polynomials play a very important role in analysis, mainly because 
functions belonging to very general classes can be expanded in series of orthogonal polyno- 
mials. The main purpose of this paper is using the elementary method and the properties of 
power series to study the calculating problem of one kind summation involving the Laguerre 


polynomials, and give some interesting identities. 


Keywords Laguerre polynomials, power series, generating function, elementary method, 


orthogonal polynomials, identity. 


§1. Introduction 


For any real number z, the famous Laguerre polynomials L,,(x) are defined by the 


coefficients of the power series expansion of the function fan e711, That is, 
co 
1 eee: = S- L(x) t” 
1-t n! 


For example, the first several polynomials are: Lo(x) = 1, Li(x) = —a+1, Lo(x) = 2? — 42+ 
2,---. It is well known that L,,(x) is an orthogonal polynomial. And it play a very important 
rule in the theories and applications of mathematics. So there are many people had studied its 
properties, some results had related papers see references [2], [3], [4], [5] and [6]. 

In this paper, we shall study the calculating problem of the summation 


Sy East) Lao()-+-Lay(0) (1) 


ay! ag!--- az! 
aij+aq+--+a,=n eee is 


and give some interesting calculating formula for it. About this problem, Professor Liu Duansen, 
Li Chao, Yan Chundian [2] and [3] obtained some simple conclusions, but there exist many 
calculating errors and typographical errors in their paper. In this paper, we consider the 
integral calculating problem of (1), and give an exact calculating formula for it. That is, we 
shall prove the following two conclusions: 

Theorem 1. Let n and k are two positive integer with k > 2, then we have the identity 


\ La, (x) Lag(£) +++ La, (2) - S- at+k—2 Ln—a(ka) 


a1! ag!--- a,x! n—a)!’ 
ay,+ag++-+ap=n ii " a=0 a ( ) 


1This work is supported by the Shaanxi Provincial Education Department Foundation 08JK433. 
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where > denotes the summation over all nonnegative integers (a1, a2,--- ,a%) such 
aytagt-+ap=n 


that aj +ag+-+-+ap =n. 


Theorem 2. For any positive integer n, we have the identity 


[ Da, (@) Lag (&) ++: La,(2) ; 
! oe ! 
ay+ag+--+a,=n 79 a Ak a=0 k-1 
It is clear that our methods can also be used to deal with the other orthogonal polynomials, 
such as the Legendre polynomials, the Chebyshev polynomials, Jacobi polynomials and the 
Hermite polynomials, etc. 


§2. Proof of the theorems 


In this section, we shall use the elementary method and the properties of the power series 


to prove our Theorems directly. First we prove Theorem 1. Let f(a, t) = 4 oe then from 


the definition of partial derivative we have 


ON hr: t) ( 1 tt) = (-1)! kt evi 


ot —t 


dk) f(kax, t) 7 Let (k—1) 7 aye bictee da 
ath = ae = 


Oxk-1 (1—nF er. (2) 


So from (2) and the generating function of the Laguerre polynomial L,,(x) we may get 


ONT Fle, t) __gytgen, 
dz(k-1) (1—t)k-! 1-¢ 
i ~~. Ln(ka) 
—_ k-11,k-1 n n 
= (-1)'1 ae ae (3) 


Note that the expansion of the power series 
1 co 
— £? 
ee 
n=0 


we have 
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or 
1 LL = S [n+k-2 
= (n+k—2)---(n+1)t® = i. (4) 
airs 7 2 > k~2 
Combining (3) and (4) we may get 
OF) f(ka, t) k-1pk—-1zk-1 | Vo [P+ k-2)\ a En( kt) in 
gee ee ae oe 
=0 = n=0 
= (—1)h1 ph 1gh— 1 atk—2 a) r 
n=0 p> n k-2 ot 
+k—-2 er 
= (-1 ye Lpk— 1pk— Sol 0: L (ka) tf. (5) 


= (n—a)! 


On the other hand, from the generating function of L,,(a) and the properties of the power 
series we also have 


_—_ 

an 

Lp 
ry 

o 

| 

. 

EF 
| 
———N 
iM 

tS 
31S. 
7 | 
sh 

Pj 
nN—___” 


n=0 
love) Lay x Lay av Lax x * 
= Py, ( ; De at : ar! ) ’ (6) 


Combining (2), (5) and (6) we may get 


co n 


~ atk 2 a Oh S- ( s- La, (x) Lay (x) an Lax 1) t”. (7) 


ay! ag!--- az! 
n=0 \a=0 k —2 n=0 \ai+ao+-:-+ap=n 1 2 k 


Then comparing the coefficients of t” in (7) we may immediately deduce the identity 


+s La, (x) Lag(#) +++ La, (2) _ 3 at+k—2 Ln—a(ka) 


ay! dg! +--+ a,! (n— a)! . 


ait+a2g+-:-+ap=n a=0 u 


This proves Theorem 1. 
Now we prove Theorem 2. Multiplicative (6) by e~* and integral, we may get 


co 1 ieee 28 
| (—aF° 1-t-.e ” dx 


= S- ( pe [> ay ( Lay @) _ “Kes() ene is) t”, (8) 


eat 
or ser 1! a2 ar! 


Note that the integral 
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From the power series expansions of i oF . Ee we have 


G—#* 1+(k-lht dX t (s-0 are 


n=0 


T 
iM 
iM 
=] 

bs 
| 
es 
~ 
a 
= 
3 
= 
= 
oO 
S 


Combining (8), (9) and (10), and comparing the coefficients of t” we may get 


°° La, (£) Lag(t) ++ La,(2) | 2 es i _4y\a ah n—-a+k-1 
| dx =~ (-1)*(k - 1) 


a,! ag!--- a,x! | 


ay+ag+:+ap=n a=0 


This completes the proof of Theorem 2. 
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Elementary methods for solving equations of the 
third degree and fourth degree 


Fatmir M. Shatri 


Department of Mathematics, University of Prishtina, Kosova 


E-mail: fushashkencore@gmail.com 


Abstract In this paper we will establish some new methods for solving third and fourth 


degree equations. 


Keywords Cardano method, Ferrari method, equation. 


81. Introduction 


In this paper, using new transformations, we will introduce new elementary methods for 
solving third and fourth degree equations, which essentially differ from Cardano’s method and 
Ferrari’s method. We will present the importance of these transformations through some ex- 


amples. 


§2. Equations of the third degree 


Let 
a? + pa? +qe+r=0 (2.1) 
be an equation of the third degree. Usually, it is solved by the means of Cardano’s method. 


Let us start from the following definition: 
Definition 1. The equation of form 


X?+a=0 (2.2) 


is called binomial equation of the third degree. 

The following theorem gives the condition to be satisfied by the coefficients of equation 
(2.1) in order that (2.1) becomes in the form (2.2). 

Theorem 2. Necessary and sufficient condition in order that equation (2.1) be an equation 


of form (2.2) is that its coefficients satisfy the condition 
p? — 3q=0. (2.3) 


Proof of Theorem 2. (Necessary Condition) Substituting z = m + y, in equation (2.1), 


where y is a new variable, we have 


y? + (8m +4 py? + (8m? + 2pm 4+ q)y + m3 + pm? + am+r=0. (2.4) 
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In order that equation (2.4) be a binomial equation of y, it is necessary that its coefficients 
satisfy conditions 
3m + p = 0,3m? + 2pm+q=0. (2.5) 


From the first equation of (2.5) we have 


ie a (2.6) 


Substituting the value of m from (2.6) in the second equation of (2.5) we obtain condition (2.3). 
(Sufficient Condition). Let the coefficients of equation (2.1) satisfy condition (2.3). Then 
for equation (2.1) we have 


2 
a+ pe? + Satr=0. (2.7) 
Substituting « = y — 5 in equation (2.7), where y is a new variable, we obtain 


Papa 2% (2.8) 
27 
which is an equation of form (2.2) of y. This completes the proof. 

Now the question is whether every equation of the form (2.1) can be transformed into 
equation of the form (2.2). This is ensured by the following Theorem. 

Theorem 3. Every equation of the form (2.1) can be transformed to the form (2.2). 

Proof of Theorem 3. If the coefficients of the equation (2.1) satisfy the condition (2.3) 
then by substitution « = y — - where y is a new unknown, the equation (2.1) is transformed 
into (2.8), which presents equation on y of type (2.2). 

If the coefficients of equation (2.1) do not satisfy in a direct way the condition (2.3), then in 
order to show that they also can be brought to the form (2.2), one should begin from equation 
(2.4). 

Substituting y = : in the equation (2.4), we obtain 


+ (3m + p)—> + (3m? + 2pm + q)— +m? + pm? +qm+r=0 


3 mae 


+ pm? + gm +r)t? + (3m? + 2pm + g)t? + (8m+4+ p)jt+1=0. (2.9) 


(m 
Thus, dividing the equation (2.9) by the leading coefficient, we have 


3m + p 1 _ 
m3 +pm2+qm+r — 


Bu 3m? + 2pm + q 2 


: 2.1 
m> + pm? +qm+r ¢ ey) 


mpm? +qm+r 


We determine the parameter m such that the coefficients of the equation (2.10) satisfy the 
condition (2.3). Hence 


( 3m? + 2pm + q . 3 3m + p _ 
m3 + pm?+qn+r m+pm2+qm+r— 


implying 


(p? — 3q)m? + (pq — 9r)m + q? — 3pr = 0. (2.11) 
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Equation (2.11) is a quadratic equation of the variable m. Considering Theorem 1, its 
solution transforms equation (1.10) to an equation of form (2.2) of the variable t. Equation 
(2.10) is obtained from equation (2.1) by the substitution x =m + 4. The proof is completed. 

Theorem 2 implies the following method of solving equation (2.1). 

If equation (2.1) does not satisfy condition (2.3), then it is transformed first to form (2.10) 
by the substitution = m+ —. The parameter m is determined such that the coefficients of 
equation (2.10) satisfy condition (2.3). Thus equation (2.11) of m is obtained (the quadratic 
resolvent of equation (1.1)). A value of m is then substituted in (2.10), which yields an equation 


of form (2.7) of t. Substituting t = z — = in equation (2.10), it is transformed to an equation 


of form (2.8) of z, namely 
P83 


3 
R-—=0 2.12 
i a7 ( ) 
where 
_ 3m? + 2pm + q _ 3m + p _ 1 
— m+pm2+qmtr’* m3+pm2+qmt+r’ me+pm?+qm+r 


3 


P 
Equation (2.12) is then solved. Put a = R— , by (2.12) we have 


27 
(z+ Ya)(22 —2- Ya+ Va?) =0. (2.13) 
Hence 
3 B/ 3/9, 3/ iy. 
go teae ee (2.14) 


From (2.14) we derive 


P 
ty = 21 312 = 22 gies — 3 (2.15) 
hence, from (2.15) we obtain 
1 1 1 
y= M+ —,%2=mM+—,23 =M+—. (2.16) 
th te ts 


Finally, (2.16) are the solutions of equation (1.1). 
Example 4. Let us solve the equation 


x? — 327 +37+8=0. 


The coefficients are p = —3, q = 3 and r = 8. Obviously, condition (2.3) is satisfied. Substitut- 


ing t=y— _ the equation is transformed to form (2.8), that is 


y>+9=0. 


The solutions of last equation are 


/9 3/6 /9 37/6 
n= Vn =P 4 Ry = 
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Substituting the values of yi, yo and y3 inv = y+ 1, we have 


3/a 2+79 376 2+ V9 3V6 
apm PE an mE 4 Bag BE 


which are the required solutions. 
Example 5. Let us solve the equation 


15a? + 30x27 + 15¢+4=0. 


Dividing the equation by the leading coefficient, we have 
3 2 4 
x? + 2a +e+7=0. (2.17) 


1 
The coefficients of equation (2.17) are p= 2,q=1 and r= = Obviously, condition (2.3) 


is not satisfied. Substituting 2 = m+ y, the equation is transformed to form (2.4), namely 


4 
y? + (3m + 2)y? + (3m? + 4m + Ly + m3 + 2m? + m+ qa (2.18) 


Substituting y = + in equation (2.18), we have 


1 1 1 4 
BT (3m 4 2) 5 + (3m? + 4m 4 1); tm? + 2m? + m4 ie (2.19) 
Multiplying equation (2.19) by #3, we obtain 
4 
(m3? + 2m? + m+ —)t? + (3m? + 4m + 1)t? + (8m 4 2)t+1=0. (2.20) 


15 
Dividing equation (2.20) by the leading coefficient, we have 


3 3m? +4m41 2, 3m +2 Se 1 
m3+2m2+m+A0 © m3 4+2m2?+m+4 (m3 4+2m2+m+4 


=0. (2.21) 


We calculate the value of parameter m in order that the coefficients of equation (2.21) 
satisfy condition (2.3). Thus 


2 3 
2 
—-sm—==0. 2.22 
mo — gm * (2.22) 
: : 3 : : : 
The solutions of equation are m; = 1 and mz = —F We substitute m = 1 in equation 


(2.21), and obtain 


152 75, 15 


34 | | _ 
4 t agtt Gq =O: (2.23) 
5 
The coefficients of equation (2.23) satisfy condition (2.3), and substituting t = z — g we 
have 5 
a 2.24 
oi on 


The solutions of equation (2.24) are 


v5 V5 V5V3, V5 V5v3 


8 342 > 


Zz, = 


16 i. °°? 16 16 
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5 
Substituting the values of z1, z2 and z3 in t = z— rt we have 


_V5-5, __ V5+10, Viv3,, _ 5410 V5V3. 
~ ; 16 16 °° 16 16 


ty 3 2= 


1 
and hence, considering that m= 1 and x = m+ 77 we obtain 


_ V5+3 6— ¥5+iV5V3 V5 —64+iV5V3 


,t2 = 03 = - 
¥5—5°" —(¥5+10) +i95V3" > 5 +104: 153 


which are the solutions of equation (2.17). 


Ty 


§3. Equations of fourth degree 


Let 
a* + px? + qu? +ra+s=0 (3.1) 


be an equation of the fourth degree. 
There are three methods known for its solution. These are 
1) Ferrari’s method, 
2) Euler’s method, and 
3) Descartes’ method 
In this paper, we introduce a new elementary method solving equation (3.1). Let us start from 
the symmetrical form of equation (3.1), namely 


(2+2) +0-(c+2)+e=0 (3.2) 


where a,b,c are arbitrary coefficients with a 4 0,b £0. 
Equation (3.2) can be rearranged in form 


a* + ba? + (20+ c)x* + abe + a? = 0. (3.3) 


In order to establish the conditions to be satisfied by the coefficients of equation (3.1) so 
that (3.1) can be transformed to the form (3.2), comparing the left sides of equations (3.1) and 
(3.3), we obtain 

b=p,2a+c=q,ab=r,a? =s. (3.4) 


Finding a,b and c from equations (3.4), we have 


Tr pq — 2r 
a=—,b=p,c= 


(3.5) 


and the following condition 
r? — sp? = 0. (3.6) 


Obviously, assuming p 4 0, (3.6) is necessary and sufficient condition for equation (3.1) to 
be transformed to form (3.2). The following Theorem proofs that every equation (3.1) can be 
brought to form (3.2). 
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Theorem 6. Every equation of the form (3.1) can be transformed to the form (3.2). 
Proof of Theorem 6. Let us assume that coefficients of the following equation 


a’ + Px? + Qa? + Rr+S=0 (3.7) 


do not satisfy condition (3.6). 
Substituting in equation (3.7), we obtain 


y*+(4m+P)y>+(6m?+3mP+Q)y?+(4m3+3Pm?+2Qm4+R)y+m!+Pm3+Qm?+Rm+S = 0. 

(3.8) 

We determine the parameter m such that the coefficients of equation (3.8) satisfy the 
condition (3.6). Hence 


(4m? + 3Pm? + 2Qm +r)? — (m4 + Pm3 + Qm? + Rm + S)\(4m+ P)? =0 
implying 
(P?—4PQ+8R)m?+(P?Q—4Q?+2PR+16S)m?+(RP?+8PS—4QR)m+SP*?—R? = 0. (3.9) 


Equation (3.7) is a cubic equation of the variable m. Its solution transforms equation (3.8) 
to an equation of symmetrical form (3.2) of the variable y. The proof is completed. 

Theorem 6 implies the following method of solving equation (3.1): 

If equation (3.7) does not satisfy condition (3.6), then it is transformed first to form (3.8) 
by the substitution s = m+ y. The parameter m is determined such that the coefficients of 
equation (3.8) satisfy condition (3.8). Thus equation (3.9) of m is obtained (the cubic resolvent 
of equation (3.1) ). A value of m is then substituted in (3.8), which yields an equation of form 
(3.3) of y. Considering (4.5), we calculate the values of a,b and c, and thus obtain an equation 


of form 
2 
(v+“) +0-(y+")+e=0 (3.10) 
y y 
Substituting 
vpn (3.11) 
y 
in equation (3.10) we have 
?+bt+c=0. (3.12) 


For two values of t in (3.12) we obtain four values of y in (3.11), and substituting them in 
x=m-+y, we obtain 


t= M+ yt, 02 = M+ Yo, ©3 = M+ Y3,L4 = M+ Ys. (3.13) 


Finally, (3.13) are the solutions of equation (3.7). 

Remark 1. When p = 0 after elementary transformations = y +m the equation is 
transformed to the case (3.1), which can be solved, using previous theorem. 

Remark 2. This method is especially efficient when all the coefficients of equation (2.1) 


are non-zero. 
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Remark 3. If in resolvent (3.9) holds P? — 4PQ + 8R = 0, then (3.9) is a quadratic 
equation with two equal real roots. For these values of m, (3.8) is a biquadratic equation of y, 
namely 


y' +ay?+6=0. 


Example 7. Let us solve the equation 


The coefficients are p = 5,q = 2,r = —5 and s = 1.Obviously, condition (3.6) is satisfied. By 
(5) we have a = —1,b=5 and c= 4. Substituting the values of a,b and c in (2.2), we obtain 


(2 +) +5-(a =) b4=0 (3.14) 


Substituting x — + = t in equation (3.14), we have 


?+5t+4=0 (3.15) 
and 
a? —te¢-—1=0 (3.16) 
The solutions of equation (3.15) are t; = —1 and t2 = —4. Substituting these values in (3.16), 
we have 
z?+2-1=0 (aq) 
and 
x? +4¢—1=0. (3.18) 
—1 9) 1 5 
The solutions of equation (3.17) are 7 = elem and %2 = — ~ and solutions of 


. 2 
(3.18) are #3 = —2+ V/5,04 = —2-—V5. 


The values x1, 22,23 and xq are the required solutions. 


Example 8. Let us solve the equation 


at — 4x? + 16x + 32 =0. 


The coefficients of this equation are p = 0,q = —4,r = 16, s = 32. Obviously, condition (3.6) is 


not satisfied. Substituting « = m+ y, the equation is transformed to form (3.8), namely 


y* + 4my? + (6m? — 4)y? + (4m3 — 8m + 16)y + m* — 4m? + 16m + 32 = 0. (3.19) 


We calculate the value of parameter m in order that the coefficients of equation (3.19) 
satisfy condition (3.6). Thus 
3m3 + 7m? +4m—4=0. (3.20) 


1 
The solutions of equation (3.20) are m2 = —2,m3 = 5" We substitute the value m = 
in equation (3.19), and obtain 


2 2 
oy pee xi) (3.21) 


5 
yt + 2y° sy + 
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25 
The coefficients of equation (3.21) satisfy condition (3.6), and by (3.5) we have a = oe b= 


2,c = —15, which values we substitute in (3.7), obtaining 
25\2 25 
! +2 (y+ =) -15=0, 3.22 
(y 7 uta 5=0 (3.22) 
By (3.8) and (3.9) we have 
25 
yt+t—=t (3.23) 
dy 
and 
t?4+2¢-15=0. (3.24) 
From (3.23) we obtain the following equation 
Ay* — 4ty + 25 = 0. (3:25) 


The solutions of equation (3.24) are t) = 3,t2 = —5. . Substituting these values of the 
variable ¢ in (3.22), we have the following equations 


Ay* — 12y +25 =0 (3.26) 


and 
Ay? + 20y + 25 = 0 (3.27) 


3 3 
The solutions of equation (3.26) are y; = 5 + 2i,y2 = 5 2i, and those of (3.27) are 


5 
ys = 4 = —5- Substituting these values of y in (3.10), we obtain 21,2 = 2+ 2i, 43.4 = —2. 


Remark 4. We can see that this equation has two solutions identical with these of resolvent 


(3.20). Of course, we could have solve this equation by dividing with (x+2)(a+2) = x?+42+4, 
i.e by factoring. 
Example 9. Let us find the solutions of the equation 


x? + 22° + 3a? +204 —6=0. 


The coefficients of this equation are p = 2,q = 3,r = 2,s = —6. Obviously, condition (3.6) 


is not satisfied. Substituting = m+ y, the equation is transformed to form (3.8), that is 
y*+(4m+2)y? + (6m? +6m4+3)y?+(4m3+6m?+6m+2)y+m*+2m3 +3m?+2m—6 = 0. (3.28) 


We calculate the value of parameter m in order that the coefficients of equation (3.25) 
satisfy condition (3.6). Whence 
4m? + 4m+1=0. 


1 
This equation has two equal real solutions m = —~. As we noted before, for the value 
equation (3.28) is transformed to a biquadratic equation of y, namely 


3 103 
4 2 

z ee |) 2 
toy =o. (3.29) 


Vol. 5 Elementary methods for solving equations of the third degree and fourth degree 13 


Substituting y* = ¢ in equation (3.29), we have 
Pra] -%, (3.30) 
The solutions of equation (3.30) are 
t= = +V7,to = -(G +97). 


Substituting these values of t,,t2 in y? = t, we have 


y= -; +v7 (3.31) 
and 3 
y=-(F+v7) (3.32) 


By (3.31) and (3.32) we have 


/ 3 / 3 = /3 3 
Y= —ZtV%y = — —ZtVius =4 qt V7.y4=—i ride 


Substituting these values of y1, y2,y3, ya and m in x= m+y, we obtain 


1 / 3 = 1 / 3 
rena al on eee ee 


1 3 = 1 


which are the required solutions. 


| CO 
+ 
= 
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Abstract An integer a is called regular (mod n) if there is an integer x such that a?a = a(mod 


n). Let @(n) denote the number of regular integers a(mod n) such that 1 < a < n, ¢(n) is 


o(n) 


the Euler function. In this paper we investigate the mean value of the function (Bem) 


)", where 
r > 1 is a fixed integer. 
Keywords Regular integers (mod n), Euler’s function, average order, convolution method, 


Euler product. 


§1. Introduction 


Let n > 1 be an integer. Consider the integers a for which there exists an integer x such 
that a? = a(mod n). Properties of these integers were investigated by J. Morgado [1], [2], who 
called them regular (mod n). 

Let Regn = {a: 1 < a < n, a is regular (mod n)} and let o(n) = tRegn denote the 
number of regular integers a (mod n) such that 1 < a < n. This function is multiplicative 
and 0(p”) = ¢(p”) + 1 = p” — p’-! +1 for every prime power p’(v > 1), where ¢ is the Euler 
function. 

Laszl6 Téth [3] proved that 

a(n 


S- a = Bx + O(log? x), (1.1) 


where B = = ~ 1.6449. 


Let r > 1 be a fixed integer. The aim of the short paper is to establish the following 
asymptotic formula for the mean value of the function (23) , which generalizes (1.1). 


Theorem. Suppose r > 1 is a fixed integer, then 


0)" _ 654 O(a 
> (3) = C,a + O(log?” x), (1.2) 


n<u 


where C, is a constant. 


1This work is supported by National Natural Science Foundation of China (Grant No. 10771127) and 
Mathematical Tianyuan Foundation (Grant No. 10826028). 
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§2. Proof of the theorem 


In order to prove our theorem, we need the following Lemmas, which can be found in Ivié 
[4]. From now on, suppose ¢(s) denotes the Riemann-zeta function. 
Lemma 1. Suppose ¢ > 2, then uniformly for o we have 


1 for o > 2, 
C(a + it) K 4 logt for 1<a <2, 
t0-)/2logt for 0<o0 <1, 


2A: ‘ for a > 2 
Claotit)<« 
logt for l<o <2. 


Lemma 2. There exists an absolute constant c > 0 such that ¢(s) # 0 foro > 1- 
c/ log(|t| + 2). 
Proof of the Theorem 


ny\r 


Let f(s) = > (5G)" | Res > 1. It is easy to see that (2™)" is multiplicative, so by 


n=1 ns? $(n) 
the Euler product formula, for Res > 1 we have 
(22° (ete) yr 
oo a fi OTE ce 
f(s) II ee for ) 
7 Cea Gas 
_ IIa Aly ps : ps om ) 
P 
Gfslao sy Galt pe 
= [[c _ ps ps + ) 
P 
Ln Gl , ee 
= [[a ps i p> + t pes : ps ' ) 
P 
1 Le ee) 
= Cs)}{( 14—42  # 
ae 1K pl ps pe 
teas) 
prs ! pes cee ) 
r r r r 
= ¢(s) | [( pstl © pst2 pestl — p2s+2 ) 
P 
A 1, r r r 
= C(s)¢ (s IE 1) Ife it oo (1 oF pst + pst2 ste pest a -) 
r r 
= O(s)e"(s + 1) [a peti 1 pet oe) 
P 
¢(s)¢"(s “ar 1) —2s—1)\—r r r 
~ rs +1) Lee re pert pe? we 
P 
C(s)¢"(s + 1) ect 
ee Tas rt) 
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Write 
r 
V(s,r) = ] [G+ +:::), Res > 1. 
Pp 
Pp 
It is easy to check that the Dirichlet series }-"~_, un) is absolutely convergent for Res > a5: 
So we have 
S-|v(n)| K 1, So lu(n)|n® « 2°, (2) 
n<u n<ux 


where ¢€ is a small positive real number. 


Let * BEA = ee be) , then according to the Dirichlet convolution, we obtain 
o(n) 
ee b,. (L)u(k 
ony? Pe ()u(k) 
= Sook) 45) So 1 
k<a l<a/k m<a/kl 
= Yor) Y 6 OG +00) 
k<a l<a/k 
u(k 
= 2 4) OY Iw) [e-(D- (3) 
k<ax l<a/k k<a l<a/k 


So the problem now is reduced to compute )7)<,, br(J) and d0j<, |br(I)|. 
Similar to the proof of the prime number theorem, with the help of Lemma 1, Lemma 2 
and Perron’s formula we get 
do belt) = 1+ O(e- OV), (4) 
l<a 
where C' > 0 is some positive constant. We omit the proof of (4). By the partial summation, 
we get from (4) that 


a se < . ” 
>a 

=P =a toes o 
i<a I=1 uae 


4 is ¢7(2s +1) 
_ 3 d,.(m) = Ly (n) 
— mst1 n2stl 
m=1 n=1 
=> dy (m) Ur(7) 
<— (mn?)smn ’ 
where d,(m) = Sa 1, y(n) = ‘Sore p(n) +++ p(n), we obtain 
b, (1) = d,(™m) pty(1) 
mn 
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So 


which combining the well-known estimate 


So dp(m )<alog” a 


n<ux 


gives 


S- [br (2) (1)| < log?” x. 


l<a 


From (3)-(7), we obtain 


“he 


k>a 


ae )| log?” 


k<au 
= C,£+ O(log” x) 


by recalling (2), where C, = C, 7, uk) is a constant. 
So our proof of the theorem is completed. 
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Abstract The homothetic motion in 2-dimensional Euclidean space E?, the relation between 
the velocities of this motion and geometric results for the pole curves were studied in ref [1]. 
In this paper a canonical relative system of any plane with respect to other planes are given. 
Therefore in a homothetic motion E/E’, Euler-Savary formula giving the relation between 
the curvature of trajectory curves drawn in the fixed plane E’ by the points of the moving 
plane EF is obtained. In the special case of homothetic scale h identically equal to 1, we get 
the Euler-Savary formula which was given by Muller [5]. Finally some geometrical results are 


reached using Euler-Savary formula. 


Keywords Euler-Savary formula, homothetic motion, kinematics. 


81. Introduction 


This study deals with instantaneous geometric plane kinematics. Which is the study, for 
a certain instant during a continuous motion, of the differential geometric properties? So if we 
are interested in, for instance, the path of a point we study its tangent, its curvature, and so 
on. The best way to deal with this subject analytically is to introduce canonical coordinate 
systems and to make use of the concept of instantaneous invariants. The circumstance of the 
motion being restricted to a plane simplifies considerably the general theory. 

To investigate to geometry of the motion of a line or a point in the motion of plane is 
important in the study of planar kinematics or planar mechanisms or in physics. The geometry 
of such a motion of a point or a line has a number of applications in geometric modeling 
and model-based manufacturing of the mechanical products or in the design of robotic motions. 
These are specifically used to generate geometric models of shell-type objects and thick surfaces, 
(2)-(4). ee 

Muller considered one and two parameter planar motions and gave the relation V, = V¢+V, 
between these motions’ absolute, sliding and relative velocities [5]. Mathematicians had worked 
widely the curvature problems in the planar motion in the 18th and 19th centuries. At the 
end of these works the radius of the arc’s curvature was calculated by using the Euler-Savary 


1 1 “i 1 1 dé 
———)sina = — —- — = — 
asa 2 a ds 


formula 
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where the quantities of r and r’ denotes the radii of the pole curves (P) and (P’), whereas 
ds stands for the arc element of the pole curve, d@ is the infinitesimal rotation angle of the 
motion. Furthermore a and a’ are the distances from the points X and X’ to rotation pole P, 
respectively, [5]. 

The Euler-Savary theorem is a well-known theorem and studied systematically in two and 
three dimensional Euclidean space E? and E® by [5]-[9]. This theorem is used in serious fields of 
study in engineering and mathematics. For each mechanism type a simple graphical procedure 
is outlined to determine the circles of inflections and cusps, which are useful to compute the 
curvature of any point of the mobile plane through the Euler-Savary equation. 

Let the coordinate systems of moving plane E and fixed plane E’ be {O;€),é2} and 
{O’;é,,é}, respectively. In this case a one-parameter homothetic motion in 2-dimensional 
Euclidean plane defined by transformation [10] 


# =ht-Z. (1) 


In this equation h is homothetic scale and the vector OO! = w is a vector connecting the initial 
point of the systems and the vectors Xx ; X' denote the position vector for the point X © E 
with respect to moving and fixed systems, respectively. In addition the relation between the 
absolute, sliding and relative velocities for one-parameter homothetic motion was expressed by 
the relation Vz = V; + hV,, [10]. 

In this work we have defined canonical relative system of one-parameter planar homothetic 
motion. With the aid of this system we have obtained the Euler-Savary formula giving the 
relation between the curvature for the trajectory curves drawn by the points of moving plane E 
in fixed plane E’ in one parameter planar homothetic motion E/E’. Finally we have obtained 
some geometrical results using Euler-Savary formula. 


§2. Moving coordinate systems and theirs velocities 


Let F, and E be moving planes and E’ be a fixed plane. The perpendicular coordinate 
systems of the planes E,, E and E’ are {B; G1, d2}, {O; &1, €2} and {O’; &, &}, respectively. 
Therefore, in one-parameter homothetic motion of FE; with respect to E the following relations 
are hold 

ay = COs 6é; + sin 05, 
' —e : (2) 
dz = — sin 0e€; + cos 62, 
and 
Hy = : 2 
OB=b= b1 a1 + boda, (3) 
where @ denotes the rotation angle of motion [1]. Similarly, in the one parameter homothetic 
motion of £; with respect to E’, the following relations are also 
a, = cos @’é, + sin 0’é, 


(4) 


dz = —sin0’é, + cos 0’é, 


and 
3 | 


O'B=U = dla, + dha, (5) 
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where 6’ is angle of the motion [1]. From the equations (2)-(3) and (4)-(5) the differential 
equations for the motions E/E and E/E’ are as follows, respectively [1] 
dé, =d0a, dé, =—d0a,, db= (db, — bod@) G + (dbz + b1d0) Ge 
and 
da, =d0'a, da, =-do'a,, dv = (db‘, — b5,d6") @ + (db), + b/,d0’) a2. 
If one chooses 
dé = X, dl’ =N, 
db, — bod0 = o4, dbz — b,d0 = oo, 
db’, — bhd0’ = 04, dbs — b',d0’ = 04, 
then the differential equations for E,/E and E;/ E’ become 
da, = a2, = d@y=—-dh, = db = 010, + onde (6) 
and 
daj=Na, da=-N, db=ola,+ ohm (7) 
respectively. Here the quantities oj, 0, \ and X’ are called Pfaffian forms of the motion [1]. 
For the point X with the coordinates of x; and x2 in the plane FE, the following equations 


are hold 
eye => > 
BX = 2101 + X2d2 


£= (hay + bi) a + (hx2 + bz) d2 (8) 


@ = (hay + 1) @ + (hag + dg) da. 


Thus one obtains 


dt = (dhay + hdz; +0, — ha2X) a, 4 (dha +t hdx2 + 024 ha) a2 (9) 


a (dhay + hdx, + oi = ha) a + (dhaz + hdx + on + ha) a (10) 


where V;,. = a and V, = ae are called relative and absolute velocities [1]. From equations (9) 
and (10) the condition for the point X to be fixed in the planes E and E’ was written to be 


hdx, = —dhx, — OTT hx2Xr (11) 
hdx2 = —dhxy = 09-=F ha, 

and 
hdx, = —dha, — 0} + haar (12) 
hdx2 = —dha2 — 05 + har 


respectively. Substituting equation (1) into equation (10) one reaches the sliding velocity V; — 
ase to be 

dp& = [(o, — 01) — hag (N — A)] G+ [(04 — 2) + hay (A’ — A)] Ge (13) 
Therefore the pole point P = (pi, p2) of the motion is, [1]. 


v1 = Pi = —7G7-3) £2 = Pa = 7) (14) 
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§3. Canonical relative system and Euler-Savary formula 


Now we choose the relative system {B; @,@} proving the following conditions: 

(i) Let the initial B of the system coincides with the instantaneous rotation P , i.e. B= P. 

(ii) Let the axis {B;@,} coincides with the tangent of the pole, i.e. with the common 
tangent of the pole curves (P), (P’). (see figure 1). 


Figurel. Pole curves of (P) and (P’) 


Therefore, from the condition (i) we see that the coordinates of the rotation pole are 
pi = p2 =0. Thus, from equation (14) we reach that a, = o{ and og = 04. From these results 
we reach that 

db = dp = 01d + ond = d'p=d'b. 


We have, therefore, given the tangent of the pole and constructed the rolling for the pole curves 
(P) and (P’). If we consider condition (ii), then we see that o2 = 04 = 0. With the help of 
equations (6) and (7) we get the following equations for the differential equations related to the 
canonical relative system {P; @,@2} of the plane denoted by FE), 


da, => AG2, day = —AG), dp = oa, (15) 


and 
da, _ N do, d' a = —N a, dp= ody (16) 


where we have chosen a, = 0, = a for brevity. In the last equations o = ds is the scalar arc 
element for (P) and (P’); \ is cotangent angle, i.e. the angle between two neighboring tangents 
of (P). Thus, the curvature of pole (P) at the point P is A = 6 Similarly, \’, cotangent angle 
of (P’) and the curvature of pole curve (P’) at the point (P) is a = ae 
Therefore, r = $ and r’ = % indicate the curvature radii for the pole curves (P) and (P’), 
respectively. 
Moving plane £ rotates the infinitesimal instantaneous angle of d@ = \’ — A around the 


rotation pole P within the time scale dt with respect to fixed plane E’. Therefore, the angular 
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velocity of rotational motion of EF with respect to E’ becomes 


NX do. 
: “a 


Let us suppose that the direction of the unit tangent vector @, is same as direction of pole 
curves (P) and (P’) (i.e.4% > 0). In this case curvature radii become r > 0 and r’ > 0. 

Now, we search the velocity of point X with the coordinates x, and x2 with respect to 
canonical relative system. Considering equations (9) and (10) we write 


di = (dha, + hdx, +o — hx2d) ad, + (dhxz + hdxg + had) a2 (17) 


d= (dhay + hdr; +o0-—- hay) ay (dha hdx2 ha’) a2. (18) 


Therefore the condition for X to be fixed in EF is 


hdx, = —dhz, —o0 + haor 
hdx2 = —dhxy + har 


(19) 


whereas in E’ it is 
hdx, => —dhx, -—ot+ haan 


(20) 
hdx2 = —dhxo + ha Nr. 


From these considerations we reach that the sliding velocity Vy of the motion is 
dst = h(—a2G1 + £142) (NV — A). 


Let us consider a point X which is on the moving plane EF. This point X draws a trajectory 
on fixed plane E’ during one-parameter planar homothetic motion E/E’. Now considering the 
canonical relative system we would like to find the curvature centre X’ at the time ¢ for this 
trajectory. Thus, the points X and X’ have the coordinates (#1, 72) and (x, 7) in the canonical 
relative system and they stay on a line (i.e. a instantaneous trajectory normal related to X) 
with instantaneous rotation pole P. In general a curvature centre at a point of any planar curve 
stays on the normal at this point. Furthermore, this curvature center is thought to be the limit 
of the meeting point of the two neighboring point that are on curve. (see figure 2). 


=e 4 - = ps jp 
Therefore the vectors PX = 27104, + %2@2, PX'=2%}d1+ 7542 


have the same direction at the point P. Hence for the coordinates (#1, x72) and (x,24) of 
X and xX’ we write 


1x4 — xox, =0. (21) 


Differentiating the equation (20) gives us 


dxyxy + a dx4 — drx2 — x',drg = 0. (22) 
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Figure 2. The vectors PX and PX’ 


The condition of being fixed of X in the plane F’ had given in equations (19). Moreover, the 
condition of being fixed of X’ in the plane E” is 


hdx, = —dha, — a + hahn 


(23) 
hdx, = —dha, + har’. 
Considering equation (22) with equations (19) and (23), we find 
(a5 — @2) +h (aya, + x22) c —) =0. (24) 


If we switch to the spherical coordinates i.e. 
Z1=acosa, ®2=asina, xr, =a'cosa, xv =a’ sina 
. MAX yf 
we get (a’ —a)sina + haa’ =) = 0. Therefore we obtain ~=4 = “ and from thee last 
equation 
(4 —+4)sina=h(45—-4) =h®. (25) 


The last equation is called Euler-Savary formula for the planar homothetic motions. 

Thus, we can give the following theorem. 

Theorem 1. In one-parameter planar homothetic motion E/E’, a point X in the moving 
plane F£ draws a trajectory with the instantaneous curvature centre X’ in the fixed plane E’. 
In reverse motion, a point X’ in the fixed plane E’ draws a trajectory for which the curvature 
centre is the initial point X in the moving plane F. Interconnection between these two points 
X and X’ is given by the Euler-Savary formula (25). 

Special case. In the case of the homothetic scale h identically equal to 1, we get 


which was given by Muller [5]. 
Differentiating equation (24) with respect to ¢t and using equations (19) and (23) we reach 


[48 (wa — wh) + (2a, + 2) A— (2a, + 1) N] + (aia, + woxh) d(h) =0. (26) 
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Switching to polar coordinates we rewrite the last equations as follows 


[@ (4 — 4) sina t (24 — 2’) 88% — (2X — A) 5“) + d(h@) =0. (27) 


1. 1, BOP=) 


T 
a o sin a 


a 
Substituting the last equation in to the equation (27) and dividing it to angle 42 = AA we 
obtain 
1_ __dh (2a-r’)h | d(hae) _ 
a 30c0sa + 30 sina ess ade = 0. (28) 
If we choose ie 
2r— Xr d(h= 
(2A aN. %, a (A@) _ 
30 30 3d 
the equation (28) becomes 
5 = sta a an (29) 


Reswitching to the Cartesian coordinate system and considering the last equation we can easily 
see that 


tq = [Ar + (B+C) x2] (xj +23). (30) 


If A#0, B+C #0 then the equation (30) is third order rational equation of a curve. This 
curve. This is the locus of instantaneous centre for the curvature circles of point X at the 
moving plane F and denoted by ks. 


In a very similar manner, consider Euler-Savary formula we reach 


1 1 A(V-2) 


/ 


a a osina 


Substituting the last equation into equation (27) and choosing 


(QN—-A)h_ 4 dh _,  4(hG) 


30 "30 ag. 


we find 
1 A’ BEG 


/ 


= : T ‘ 
a sin @ COS @ 


Thus switching to the Cartesian coordinates gives us to third order rational curve 
wr = [Axi + (B+ C) x5] (24)? + (29)?) - (31) 


This curve is the locus of the instantaneous centres for the curvature circles of point X’ in the 
fixed plane E’ and denoted by ks. 

To sum, we can easily see that the locus of the curve ks in the plane E’ and the curve k3 
in the plane E are similar. These two curves are tangents at two fold point through the pole 
tangent and the tangents at the three fold point through the pole curve. Hence the curves k3 
and k% are called circle-pointed and central pointed curve, respectively. 

Therefore we can give the following theorem. 
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Theorem 2. 

(i) The points drawing the curvature centers of the pole trajectories form a third order 
rational curve at time t in the moving plane EF . 

(ii) This curve crosses from the absolute point of plane EL. 

(iii) Pole tangent at the point P has a dual point with the pole normal. 

(iv) The locus of the centres of the curvature circles X in the plane E is a curve of same 


type. 


Conclusion 


What is the relation between the curvatures of polar curves have been widely studied by 
mathematicians during the eighteenth and nineteenth centuries in the Euclidean space. Today 
the relation of the curvatures is called as the Euler-Savary’s formula. The Euler-Savary equation 
is used in a consistent manner and a series of kinematic inversions are investigated. In addition 
the direct graphical technique can be used and applied to the analysis and synthesis of planar 
mechanisms in general. In this paper, Euler-Savary formula giving the relation between the 
curvature of trajectory curves drawn in the fixed plane E’ by the points of the moving plane 
E is obtained in a homothetic motion E/E". Hence we conclude that if the homothetic scale 
identically equal to 1, then the results which have been obtained in this paper correspond to the 
results in [5]. Finally some geometrical results are reached using Euler-Savary formula. This 


concept will be investigated further in a future paper on curvature theory. 
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Abstract Let n > 1 be an integer, o(n) denote the number of regular integers m(mod n) such 
that 1 < m <n. In this paper we shall investigate the mean value of the function log e(n) by 
the convolution method. 
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81. Introduction and main results 


Let n > 1 be an integer. Consider the integers m for which there exists an integer x such 
that m?x = m(mod n). Let o(n)={m:1 < m < n,m is regular(mod n)}. This function is 
multiplicative and o(p’) = y(p?) + 1 = p? — p?~! +1 for every prime power p?(y > 1), where 
p(n) is the Euler function (see [1]). 

The mean value of the function @(n) was considered in [2], [4]. One has, 


2. ot 1 
Jim = S- o(n) = 54 =~ 0.4407, 


where A = [],(1 — agra) = 6(2)TI,(1 — gz — gs + gr) © 0.8815 is the so called quadratic 
class-number constant. 


More exactly, V. S. Joshi [2] proved 


1 
Y on) = 542? + R(x), (1) 
n<u 
where R(x) = O(xlog® x). This was improved into R(x) = O(a log? x) in [3], and into R(x) = 
O(a log x) in [6]. The Q-estimate R(x) = N4(2,/log log x) was also proved in [6]. 
Laszlé Toth [1] proved the following three results: 


a ~ =e + O(log? «), @) 
> oo = Ba + O(log x)*/* (log log x)*/?), (3) 


log? « 


FO ea Or Vs (4) 


1This work is supported by National Natural Science Foundation of China (Grant No. 10771127) and 
Mathematical Tianyuan Foundation (Grant No. 10826028). 
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where C and C2 are constants, 


Co 


_ ¢(2)¢(3) p(p — 1) 1 
a=") Ie > 


2 _ —1 
Papel ae a 


In this paper, we shall prove a result about the mean value of log e(n). Our main result is 
the following 
Theorem. We have 


S- log o(n) = xlog x + Ex + O(2'/? log’? x), (5) 
n<u 
where - 
E=S °(1-p') )/p*log(1— pt +p). 
p a=2 


Notations. Throughout this paper, ¢ > 0 denotes a small positive constant. 


§2. Proof of the theorem 


In order to prove our theorem, we need the following lemmas, which can be found in Ivié 
[5]. From now on, ¢(s) denotes the Riemann-zeta function. 


Lemma 1. Let T > 2 be a real number , then we have 
T 
1 
| | G5 + it) |? dt = TlogT + (2y—1—log2n)T + O(T"”), 
0 


where ¥y is the Euler constant. 
Lemma 2. For t > tg > 2, we have uniformly for o that 


; log t, for 1<o <2, 
C(o + it) « 
iO? )/? low? for O0<o <1. 
Proof of Theorem. 
Let f(n) := o“(n), where u is a fixed complex number with | u |< 4. Then for every prime 


power p%, 


f(p*) = 0 (p®) = (p* — pp? * +:1)* = p™(1—-p +p -%)”. (6) 


Since f(n) is multiplicative, by the Euler product we get for s > 1 that 


Yrs = TJa+ yo (7) 
U isd u(y, — 1 a)\u 
= eae ( ot )") 
= Peg) a a ca apap 
= ¢( Ta ea a ) 
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where 


oe) =[Ja-arh+ yr r ey (8) 


pos 


Write G(s,u) = ~~ 4) (Rs > 1). It is easy to see that this infinite series is absolutely 


n=1 ns 
convergent in the range 3s > Ru, which implies that 


G(s,u) = Oe(1), Rs > Rute. (9) 
Taking T = x”. By Perron’s formula we obtain 
1 14+Rutet+iT xv gitRut+e 
Tem=55 / ((s— w)G(s,u) ds + O(- — 
+Rut+e—iT § T 


n<u 


Then by the residue theorem we obtain 


G(1 + U, u) 1+ / | | gitRute 
“(n) = al oa ia oe es ae eS ; 10 
A eae rama ad i a (10) 
where 
1 
1 5t+Ru-iT s 
[2 | (s — u)G(s, u)- * ds, (11) 
1 20 Ji +mute- ga 8 
1 aa x 
[= =a |, (s — u)G(s,u)- —ds, (12) 
2 2nt Jip muir 8 
1 14+:Rute+tiT rs 
| = =a ¢(s — u)G(s, u) - —ds. (13) 
3 2a +RutiT Ss 


Denote s = 0 + it,u = Ru +t iv, where | u |< $. Form (9) we get 


1 gatkutit 
iz = rf ot Ca at BGG PE ede 
typ fe ds 1 
= i G+ | Taster tere 
K bie fo 430 | Loa (14) 
r 2 1+t 


With the partial summation and (14), we obtain 


| <K gathu | _ dB(t) 
# =e 


Zz germ e Pao a). (15) 
0 


where B(t =i | C(§ + iw) | dw. 
With a 1 and Cauchy’s inequality, we get (for t > 2) 


Bit) « (/ 1aw) 7 ([ | «5 + iw) |? aw) 


< tlog’/?t. (16) 


1/2 
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With (15) and (16), we get 


| <K 2th Jo g3/2 1 < 72th Jog3/? x 
2 


With Lemma 2, (9) and (13), we get 


x 


1 14+Rut+e o+iT 
i: — ae C(o + iT —u)G(o +: iT, u) - do 
3 


Qmt Ji Ru o+iT 


14+Ru+e 2° 
< | | ¢(o +iT —u)|->do 
5+Ru T 


1 1 poke 14+Ru+e 
< a(f T= logT- wdo + | log T - «° dc) 
+Ru 1 


log T : ler ee 
= | ( 7 )* do 4 zi if x do. 
1 


THAR fig PTT 


Since the integrands in the above integrals above are monotone, we get 


[< T~ 20484) log T. (FZ S(t, 


log T 
3 aD 


T 


f«. 
1 


y (10)-(13) and (17)-(19), we obtain 


Similarly, we have 


a G(1+u,u 4 sf 
dD et(n) = — ) ght 4 O(g?+8 Jog? 2), 


n<u 


By differentiating (20) term by term, we derive 


>», o”(n) log o(n) = H'(u)a't* + H(u)2’*™ log x + O(n2 tu log? x), 


n<ux 


where H(u) := Ce 


Letting u = 0 in (21), we get 


S- log e(n H(0)xlog a + H'(0 ja + O(a'/? log?/? 2). 


n<ux 


Now we evaluate H(0) and H’(0). According to (8), we have 


Aw) =TJa- a+ le a te 


i 


h 


which implies immediately that H(0) = 1. 
Taking the logarithm derivative from both sides of (23) we get that 


gitRute <1. 


(u) oo ae op *(1—-p +p %)*log(l—p t+p%) 


H(u) it+4+y2,o73 


(17) 


(18) 


(19) 


(20) 


(21) 


(22) 


(23) 
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which together with H(1) = 1 gives 


H'(0) = °(1-p!) 5 pp @log(1 — p-' +p). (25) 


p a=2 


Now Theorem follows from (22), (24) and (25). 
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Abstract The main aim of the following text is to study the semigroup of continuous 
functions from a topological space to itself under the operation of composition of maps, in 


the point of view of Smarandache semigroup’s approach. 
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81. Introduction 


As it has been mentioned [3, page 29], a Smarandache semigroup S is a semigroup which 
is not a group and has a proper subset A with at least two elements such that A under the 
operation of S is a group. One may want to restrict the elements of S under particular properties, 
e.g., one may ask about G in X* where X is a compact Hausdorff topological space and G is 
a semigroup of continuous functions on X, this case has been studied in [1]. In this paper our 
main interest is on semigroup of continuous functions on X, i.e., C(X, X). 

Let X be a topological space. By C(X,X) we mean the set of all continuous maps like 
f : X — X, which is clearly a semigroup under the composition of maps. In the next section 
which is the main section of this paper, we want to study the conditions under which C(X, X) 
is a Smarandache semigroup. 

Remark. If f: X — Y isa map and D C X, by f|p : D— Y we mean the restriction of 
f to D. Moreover idx : X — X denotes the identity function on X, ie., idx (x) = x(a € X). 


§2. C(X, X) and Smarandache semigroup’s concept 


In this section we want to be as close as possible to the cases in which C(X,X) is a 
Smarandache semigroup (under the composition of maps). From now on suppose X is a topo- 
logical space with at least two elements and consider C(X,X) under the composition of maps 
operation (so C'(X, X) is a semi-group). 

Lemma 2.1. C(X, X) is not a group. 


1With thanks to Prof. A. Mamourian for his helpful comments, ideas and encouragement. 


32 F. Ayatalloh Zadeh Shirazi and A. Hosseini No. 4 


Proof. Let 21,272 be two distinct elements of X and f;() = 2;, then fi, f2 are to idem- 
potents of C(X,X) but fi, fo = idx. 

Corollary 2.2. C(X, X) contains a group with at least two elements if and only if it is a 
Smarandache semigroup. 

Proof. Use Lemma 2.1. 

Theorem 2.3. If X satisfies one of the following conditions, then C(X,X) is a Smaran- 
dache semigroup: 

(1) There exists a homeomorphism f : X — X such that f = idx; 

(2) There exists nonempty disjoint topological spaces Y and Z such that X = YUZ and X is 
topological disjoint union of Y and Z,ie., {U UV : U is an open subset of Y and V is an open 
subset of Z} is the topology of X. 

Proof. (1) fr:n€ Z is a subgroup of C(X,X) with at least two elements (idx(= f°) 
and f(= f+)), now use Corollary 2.2. 

(2) Let 21 € Y and x2 € Z. Define g: X — X with g(x) = xg for x € Y and g(a) = x, for 
xe Z. 9,g°g is asubset of C(X, X) with two elements and it is a group under the composition 
of maps. Corollary 2.2 completes the proof. 

Counterexample 2.4. 

(1) Consider Y := N with topology {{1,---,n}:n€EN}U {0,N} and Z := {0} with 
topology {7,0}. Then X = Y UZ as topological disjoint union of Z and Y satisfies item (2) in 
Theorem 2.3, so C(X,X) is a Smarandache semigroup, however X does not satisfy item (1) in 
Theorem 2.3. 

(2) Consider X := F with topology {{—n,-n +1,--- ,n}:n€N}U {X, 0} satisfies item 
(1) in Theorem 2.3 (—idx : X — X is a homeomorphism and — idx 4 idx) so C(X,X) isa 
Smarandache semigroup, however X does not satisfy item (2) in Theorem 2.3 since for any two 
nonempty open subsets U,V of X, {0} CUNV and UNV £9. 

(3) Consider X := {1,2} with topology {{1},X,0}, then C(X, X) is the set consisting of 
three elements: idx, constant function 1, and constant function 2, so it is clear that all of the 
elements of C(X, X) are idempotents, thus C(X, X) does contain any group with at least two 
elements and by Corollary 2.2 it is not a Smarandache semigroup. 

Corollary 2.5. C(X x X,X x X) is a Smarandache semigroup. 

Proof. f:X x X ~ X x X with f(x,y) = (y,x)((a,y) € X x X) is a homeomorphism 
and f #4 idxxx, so by Theorem 2.3, C(X x X,X x X) is a Smarandache semigroup. 

Note 2.6. Comparing Corollary 2.5 and item (3) in Counterexample 2.4, leads us to the 
fact that there are cases in which C(.X, X) is not a Smarandache semigroup but C(X xX, X xX) 
is a Smarandache semigroup. 

Proposition 2.7. Let Y be a topological space. If C(X,X) is a Smarandache semigroup, 
then C(X x Y,X x Y) is a Smarandache semigroup too. 

Proof. Since C(X, X) is a Smarandache semigroup, thus there exists a group G C C(X, X) 
with more than two elements. For K := {(f,idy): f © G} (where (f,idy) : X x Y — X x 
Y is (f,idy)(x, y) = (f(x), y)) is a group and subset of C(X x Y,X x Y) with more than one 
element, so by Corollary 2.2, C(X x Y,X x Y) is a Smarandache semigroup. 

Note 2.8. If X is discrete, then it is topological disjoint union of two spaces, so C(X, X) 
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is a Smarandache semigroup by Theorem 2.3. 

Theorem 2.9. If (X,X) is a Smarandache semigroup and G C C(X,X) with at least 
two elements is a group, then there exists W C X with at least two elements such that for all 
f EG: 

(1) flw : Y — W is a homeomorphism. 

(2) flw = idw if and only if f is the identity of G. 

Proof. Suppose k is the identity of G and f € G. For all x © X,k(f(x)) = f(k(x)) = f(a), 
therefore f(x) € {2 € X : k(z) =z}=:W . Therefore f|w :W — W is a continuous function. 
It is clear that k|y = idw. Moreover there exists g € G such that fog =gof =k, also 
glw : W — W is continuous. Using flw oglw = glw ° flw = klw = idw leads us to the fact 
that flw :W — W is a homeomorphism. 

Since f(X) C W , thus W 4 @. We claim that W has at least two elements, otherwise 
W =a, f is constant function a (note that f(X) C W = {a}), and it is idempotent, since f € G 
is arbitrary, thus all of the elements of G are idempotent, which is a contradiction since G is a 
group with more than one element and in a group there exists just one idempotent element. 

Moreover suppose f € G is such that f|w = idw . There exists g € G such that fog =k. 
In addition we know g(X) C W , thus for all  € X we have k(x) = f(g(x)) = flw(g(x)) = 
idw(g(x)) = g(x) which shows g =k, thuyk= fog=fok=f. 

Considering Theorem 2.3 and Theorem 2.9 make us to ask: 


Problem 2.10. If C(X, X) is a Smarandache semigroup, does at least one of the condi- 
tions: 

(1) There exists a homeomorphism f : X — X such that f = idx; 

(2) There exists nonempty disjoint topological spaces Y and Z such that X = Y UZ and 
X is topological disjoint union of Y and Z. hold? 


§3. A short glance to other topological properties else con- 
tinuity 


In this section we deal with examples of semigroups of resp. close, open, clopen, and proper 
maps from topological space X to itself, with the operation of composition of maps. 

Remark. In topological space X: 

(1) f : X — Xis called open if for any open subset U of X, f(U) is open; 

(2) f : X — X is called close if for any close subset C of X, f(C) is close; 

(3) f : X — X is called clopen if it is both close and open; 

(4) f : X — X is called proper if for any compact subset K of X, f~'(K) is compact. 

Remark. If X has at least two elements, then X*, the set of all functions f : X — X, is 
a Smarandache semigroup. 

Lemma 3.1. If X has at least two elements, then S = {f € X* : Vx € X(f~1(z) is finite) } 
is a Smarandache semigroup. 

Proof. Let a,b be two distinct elements of X and X has at least three elements. Define 
f:X — X with f(x) = a for x = a,b and f(x) = x for  € X — {a,b}. f and idx are two 
different idempotent elements of S, so S is not a group. Define g: X — X with g(a) = 8, 
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g(b) =a and g(x) = xfor x € X — {a,b}, g,g 0g is a subset of S with two elements and it is a 
group, thus S is a Smarandache semigroup. 

Example 3.2. Let S be the semigroup of all closed maps like f : X — X, under compo- 
sition of maps: 

(i) If X with at least two elements is discrete, then S = X* is a Smarandache semigroup; 

(ii) If X = Z with topology {X,0}U {X — {—n,--- ,-1,0,1,--- ,n}:n Ee NU {O}}, then 
X is not discrete and S is a Smarandache semigroup; since: 
—idx and constant function 0 are two different idempotent elements of S, so S$ is not a group, 
— {idx,—idx} is a subgroup of S with two elements; 

(iii) If X = {1,2} with topology {X,{1},0}, then S has two elements and it is not a 
Smarandache semigroup. 

Example 3.3. Let S be the semigroup of all open maps like f : X — X, under composition 
of maps: 

(i) If X with at least two elements is discrete, then S = X * is a Smarandache semigroup; 

(ii) If X = Z with topology {X,0} U {{—n,---,-1,0,1,--- ,n}:neE NU {O}}, then X is 
not discrete and S is a Smarandache semigroup (use a similar method described in Example 
3.2); 

(iii) If X = {1,2} with topology {X,{1},0}, then S has two elements and it is not a 
Smarandache semigroup. 

Example 3.4. Let S be the semigroup of all clopen maps like f : X — X, under 
composition of maps: 

(i) If X with at least two elements is discrete, then S = X* is a Smarandache semigroup; 

(ii) If X = ZU rZ with topological basis {{—n,--- ,-1,0,1,--- ,n}UA:neENU{O}, AC 
mwZ}, then X is not discrete and S' is a Smarandache semigroup (use a similar method described 
in Example 3.2); 

(iii) If X = {1,2} with topology {X, {1} ,0}, then S has one element and is not a Smaran- 
dache semigroup. 

Example 3.5. Let S be the set of all proper maps like f : X — X, under composition of 
maps (use Lemma 3.1): 

(i) If X with at least two elements is discrete, then S = {f € X* : Va € X(f7(x) is finite) } 
is a Smarandache semigroup; 

(ii) If X = ZU xZ with topological basis {{—n,--- ,—-1,0,1,--- ,nJUA:nENU{O},AC 
mZ}, then S is a Smarandache semigroup, and X is not discrete (in this case we have S = 
{f €X* :Va € X(f-'(z) is finite) } too). 


84. More examples 


In this section suppose G (resp. G) is a domain (resp. closed domain) in C, also suppose it 
is bounded with nonempty interior. We have the following examples which deal with product 
operation (not composition of maps) on complex valued maps with a paticular property. 

(1) C(G): the set of continuous complex valued functions on closed domain G [4, page 3]. 
C(G) under product operation is a Smarandache semigroup. 
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(2) C™(G): the set of continuous complex valued functions on domain G, with continuous 
partial derivations up to the m-th order [4, page 3]. C’(G) under product operation is a 
Smarandache semigroup. 

(3) C..(G): the set of all bounded functions f : G — C for closed domain G such that there 
exists 0 < H < +00 with 


Vai, 22 € G(|f(z1) — f(z2)| < Hlz1 — 22|*) 


for 0<a< 1 [4, page 7]. Ca(G) under product operation is a Smarandache semigroup. 

(4) Cm(G@) = {f © OG) :VhE {0,--+,m} sr@rLore € Ca(G)} for 0 <a <1anda 
closed domain G [4, page 7]. C™(G) under product operation is a Smarandache semigroup. 

(5) A(G): the set of all analytic functions on G. A(G) under product operation a Smaran- 
dache semigroup. 

(6) €°(X): the set of all bounded functions like f : X — C [2, Chapter 6] where X has 
more than one element. €°(X) under product operation is a Smarandache semigroup. 

(7) €?(X): the set of all functions like f : X — C where X at least two elements, with 
> |f(x)|? < +00, for fixed p € [1,+00) [2, Chapter 6] where X has more than one element. 
weX 


é?(X) under product operation is a Smarandache group. 

Proof. For items (1),--- , (6): let S denotes the related semigroup. For h(x) = 0, f(x) =1 
we have h, f € S and it is clear that under product operation S is not a group, moreover f,—f 
is a proper subset of S with two elements which is group under product operation, so S$ is a 
Smarandache semigroup. 

(7): Suppose 21,22 be two distinct elements of X, for i= 1,2 let f;(x;) =1 and f;(x) =0 
for x € X —{a;}, then 0 = fifo, fi, fo € P(X) and ¢?(X) under product operation is not group, 
but it contains { f,,—j1} which is a group, so €?(X) under product operation is a Smarandache 
semigroup. 
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Abstract Let t‘)(n) denote the number of e-squarefree e-divisor of n. The aim of the present 
paper is to establish an asymptotic formula for the mean value of the function (t0)", where 
r > 1 is a fixed integer. 
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81. Introduction 


An integer d = [[°_, p?’ is called an e-divisor of n = []?_, p#’ > 1 if bila; for every i €{1, 
2, ..., s}, notation: d|.n. By convention 1|.1. The integer n > 1 is called e-squarefree if all 


exponents a ,,---@s are squarefree. The integer 1 is also considered to be e-squarefree. 


got 


Consider now the esponential squarefree exponential divisor (e-squarefre e-divisor)of n. 
Here d = [[3_, p? is an e-squarefree e-divisor of n = []?_, p#’ > 1, if b: | a1, --» bs | as and 
b,, --- bs are squarefree. Note that the integer 1 is e-squarefree but is not an e-divisor of n > 1. 

Let t©°)(n) denote the number of e-squarefree e-divior of n. The function t“) is called the 
e-squarefre e-divisor function, which is multiplicative and if n = p;’---p,° > 1, then (see [1]) 


tH) (nm) = Qetet) 2. gules) 


where w(a) = s denotes the number of distinct prime factors of a. 
Laszlé6 T6éth [2] proved that the estimate 


EI) = cx + cx? + O(x?**) (1) 
n<x 
holds for every € > 0, where 


cam gu(a) 9u(a—1) 


cy i= ate + > —— 7 
p a=6 


oe gu (a) 9w(a—1) _ Qu (a—2) a gu (a—4) 


e=c5)T]a+> 


a=4 


i: 


pe 


1This work is supported by National Natural Science Foundation of China (Grant No. 10771127) and 
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It is very difficult to improve the exponent 1/4 in (1.1) unless there has substantial progress 
in the study of the zero-free region of the Riemann zeta-function ¢(s). Therefore it is reasonable 
to get better improvements by assuming the truth of the Riemann Hypothesis (RH). The 
following Theorem 1 is such an result. 

Theorem 1. Suppose RH is true. Then we have 


S- t)(n) = ea + cou? + O(2t*), 
n<ux 
Now suppose r > 2 is a fixed integer. We shall study the mean value of the function (¢)", 
which is closely related to the general divisor function d;,(n) = Pai ioe, 1, where k > 2isa 
fixed integer. Let Aj;,(2) denote the error term defined by 
= » di,(n) — «P,-1(log x), 
n<ux 
where P;,-1() is a polynomial of degree k — 1 in t. Let a, > 0 is a real number such that the 
estimate 
Ax(z) < 2% Fs (2) 
holds. For example, one can take a3 = 43/96, a4 = 1/2, a7 = 17/28, see Chapter 13 of Ivié [4]. 
We have the following: 
Theorem 2. Suppose r > 2 is a fixed integer, then the asymptotic formula 


S > (¢(n))” = Cha + #3 Pyr_9(log(x)) + O(a r= t*) (3) 


for every € > 0, where P2r_2 is a polynomial of degree 2” — 2 and C’, is a positive constant. 
Corollary. When r = 2,3 we have 


D2 (n))? = Coa + a? Pa(log(x)) + O(w#**), 4) 
S~ (© (n))3 = Cya + x? P5(log(x)) + Ow +9), (5) 


§2. Some lemmas 


In order to prove our theorem, we need the following lemmas. 
Lemma 1. Let d(1,2;n) = >> ,,2_,, 1, then 


S20) = ¢(2)a@ + ¢(= set + O(a We), (6) 
n<u 
Proof. See for example, Kratzel [3]. 
Lemma 2. Suppose RH is true, then we have 
S> d(1,2;m)u(n) = die + doe? + O(a +), (7) 
mnt<ax 


where ji(7) is the Mobius function, dj and dz are computable constants. 
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Proof. Suppose 1 < y < zi isa parameter to be determined. Then 


S> a, 2:9m)(n) 


mnt<a 
= So dt,23mp(n)+ S5  d(,2;m)p(n) 
mnt<ayn<y mn4<ayn>y 


=So+d5. 
1 2 
By Lemma 1, we have 


> S> dG, 2:m)y(n) 


1 mn4<ain<y 
= Sour) d(1,2;m) 
n<y ms 
= Y almy(6 +65)%5 oy) 
n<y 
= a¢(2) 5° ln) whc(5) mn) + O(a2/9t€y1/9) 
n<y n<y 


For )°,, be a familiar argument (see for example, Zhai [5]) we can get 


Y= YS aO,25m)n(n) 


2 mn4<ain>y 


= 22) AO etd) yO + 0FS 


n4 3) n2 y 
n>y n>y 


The above three formulas complete the proof of Lemma 2 by taking y = zB, 


Lemma 3. Suppose k > 2 is a fixed integer. Then we have 


S> du(m) = CF(2)a + ©? Qu-1 (log 2) + O(a % **), (8) 


nm2<ax 


where Q;_1(u) is a polynomial of degree k — lin u. 


Proof. Lemma 3 follows from (2) via the well-known convolution method. See, for exam- 
ple, Chapter 14 of Ivié [4]. We omit the details of the proof. 
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§3. Proof of theorems 


We first prove Theorem 1. By the Euler product formula and the multiplicative property 
of ©) (n), we get for Rs > 1 


> 


n=1 


Write G(s) 


2 tC) (n) 


n> 


— eer ns 


p °°) 


p °°) 


g(r) 


Res > z: Thus we have 


. It is easy to see that this Dirichlet series is absolutely convergent for 


| < gi fare, 


a) 


n<u 


which combining the convolution approach and Lemma 2 gives 


Now we prove Theorem 2. Let f(s) = 


S- t©)(n) 


nN<ax 


S* d(1,2;a)u(b)g(c) 

abtc<ax 

Siac) SY d(1,2;a)u(b) 

coe ab4<2 

Y aoN(dr= + do(=)? + O((=)#*9)) 


cx + cot? + O(x29**), 


oe) ()(n))" 
pe “wy r > 2,¥s > 1. By the Euler product 


formula and the multiplicative property of t°(n) again, we have 


f(s) 


Ta+ Vem) 

Pp a=1 

[a+ revere 

Pp a=l 

[[G ae ia eee ae eer es akc eee 
Pp 

[Ja-2)" T[a-» peop ea 

P P 

rig 2"p —5s 4r ig Os: vs) 

¢(s) [ [G+ (2” — 1)p-?s + (4" — 2")p- 8 — "p+ ---) 


Pp 


¢(s)¢?"—1(28)V(s, 


r), 
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where V(s,r) can be written as the form 


V(s, r) = [[c = p28)?" 11 4 (or _ 1)p~?8 ols ey _ 2")p~® = A p78 ae de -) 
Pp 
= [[G+Cp*+Cip  +---) 
Pp 
(C,, Cr41,+** are constants). Write 


<> 2(7) 
V = ‘ 
(8,1) »; ns 
n=1 
It is easy to see that this Dirichlet series is absolutely convergent for Res > 1/4. Thus 


S~ |u(n)| « a4t¢, 


n<u 


which combining the convolution approach and Lemma 3 gives 


VOM) = ~~ 2x) 


n<a nm?2..m3,_,b<2x 
= Sov) So dor-a(m) 
b<a nm? <a/b 
= Le @F + F)hez2(oga) + OF") 
b<a 


= Ope + 23 Pyr_o(log(x)) + Oe), 


This completes the proof of our Theorem 2. 
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and congruences to study the solvability of the equation Z(n) + SL(n) = n, and give its all 
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§1. Introduction and results 


For any positive integer n > 1, the Pseudo-Smarandache function Z(n) is defined as the 
smallest positive integer m such that 1+2-+---+m is divisible by n. That is, 


meh 


2(n) = min fms me N, 0 | 5 


In reference [1], Professor F. Smarandache introduced this function, and asked us to study its 
various properties. About this problem, some authors had studied it, and obtained a series 
interesting results, see references [1]-[4] and [10]. For example, A.A.K Majumdar [2], [3] and [4] 
studied this function both theoretically and computationally, and got the following conclusions: 

For any prime p > 3, Z(p) = p-—1. 

For any prime p > 3, and k € N, Z(p*) = p* —1. 

For any k € N, Z(2*) = 2**1 — 1. 

On the other hand, for any positive integer n, the famous F. Smarandache LCM function 
SL(n) is defined as the smallest positive integer k such that n | [1, 2, --- , k], where[1, 2, --- ,&] 
denotes the least common multiple of 1, 2, --- ,& . From the definition of SZ(n) we can easily 


deduce that if n = pf'p5?--- pr be the factorization of n into prime powers, then 
SL(n) 7 max {p}'", 2”, sama) |i 


About the elementary properties of SZ(n), some people had also studied it, and obtained 


some important conclusions. 
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In this paper, we use the elementary methods and congruences to study the solvability of 
the equation Z(n) + SL(n) = n, and give its all positive integer solutions. That is, we will 
prove the following: 

Theorem. Let n be a positive integer, then every positive integer solution of the equation 
Z(n) + SL(n) =n can be expressed as n = 2"p*%, where p > 2 be a prime, k and a are positive 
integers satisfying the following conditions: 

1, If 2° > 9%, then p® | (2° — 1). 

2. If 2* < p®, then 2* | (p* — 1), 2*+1 f (p® — 1). 


§2. Proof of the theorem 


In this section, we shall use the elementary method and congruences to complete the proof 
of our Theorem. 

It is clear that n = 6 is a solution of the equation Z(n) + SL(n) = n. Now we suppose 
that n = 2". s, where s is an odd integer, we discuss the solutions in following several cases: 
(a). If be an odd integer, then k = 0 and n= s. 

(1) Let s =1, then Z7(1) = 1, SL(1) = 1. So we can get Z(1)+ SL(1) =241. 

(2) Let s = p, p be an odd prime, then SL(p) = p, Z(p) = p—1. So we get 


Z(p) + SL(p) =2p—1l#¥ p. 


(3) Let s = p*, p be an odd prime, a be a positive integer, then SL (p%) = p*, Z(p*%) = 
p* — 1. So we get Z(p*) + SL(p*) = 2p* —1 4 p*. 

(4) Let s = p®- p{*p5?---p?™, where p, pi, po, ++: , Pr are odd primes, a be a positive 
integer, p® is the greatest prime power divisor of s. That is, 


oar 


po = max {p®, Py; ps”, mrs ae ee 


Let pT py? + “per = t, then s = pe -t. So SL(n) = pm. 
If Z(n) =n — SL(n) = p*(t — 1), according to the definition of Z(n), we have 


po(t— 1)[p*(@- 1) +1] 


a 
-t , 
p-t| 5 
So that ¢ | (p* — 1). But in this case, if we take m = p* — 1, then we also have n = p*-t 
divide malt) Note that p* — 1 < p%(t — 1). So in this case, the equation has also no positive 


integer solutions. 

From the cases (1)-(4) we know that the equation has no odd positive integer solution. 
(b). If nm be an even integer, then k 4 0. 

(1) Let s = 1, son = 2*, then 7(2*) = 2**1 1, SL(2*) = 2". Hence 


Zo” SLO") 9+" = 14 0". 


(2) Let s = p, so n = 2* - p, p is an odd prime, while k is a positive integer. 
In this case, if 2° > p, then SL(n) = 2*, if Z(n) + SL(n) = n, then 


Z(n)=m=n— SL(n) = 2*p — 2" = 2*(p—1). 
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According to the definition of Z(n). We have 


2*(p— 2Q*(~- 1) +) 


ok. 
P| 5 


So we can get p | (2* — 1). Now we prove that m = 2*(p—1) is the minimum value which 
satisfy the definition of Z(n). From the properties of Z(n), we know that Z(n) > 2*+!—1, and 
the possible value of Z(n) between 2*+! — 1 and 2*+!. 2 are as follows: 

A. 2F+1_ 1, 2kt1.9 1, ..., gett. Pot _ 1. 

We mark this group of integers as 2*+1- 5; — 1,5, € {1,2,---, Po}. 


gFtl. 5, —-1 = 2s, — 1( mod p). 


Then we can get 1 < 2s; —-1< p—2. So pt (2*+1. 5s, — 1). 


B..2F+E Oh 2, sas, Ohh. (21), 
We mark this group of integers as 2*+1! . 59, s2 € {1,2,--- , 5+ — 1}. 
tl go = 2s2( mod p). 


Then we can get 2 < 2s9 < p—3. So p{2**1. so. 
If 2* < p, then SL(n) = p, and if Z(n) + SL(n) =n, then 


Z(n) =m=n— SL(n) = p(2* — 1). 


So we can get 
oes pia" a ae Y 

Therefore, 2*+1 | [((2* —1)p +1]. That is, 2* | (p — 1), 2**1 + (p—1). 

Now we prove that m = p(2* — 1) is the minimum value which satisfy the definition of 
Z(n). From the properties of Z(n), we know that Z(n) > p—1, and the possible value of Z(n) 
between p— 1 and p(2* — 1) are as follows: 

C.p—1, p-2-1, +++, p-(2*-1)—-1. 

We mark this group of integers as p- s; — 1,5, € {1,2,--- ,2* —1}. 


n=2 


p-s, —1= 8, —1( mod 2°). 


Then we can get 0 < s; —1 < 2 —2. When s; —1 = 0, so s; = 1, then we can get 
m= p-—1, 2*+! | (p—1). Here we obtain contradiction. So 2" { (p- s, — 1). 

D. p, p-2, +++, p> (2* —2). 

We mark this group of integers as p- s2, 82 € {1,2,--- ,2* — 2}. 


p+ 82 = 82( mod a), 


Then we can get 1 < sy < 2 —2. So 2* { p- 89. 
(3) Let s = p*, n = 2" - p*, p be an odd prime while k and a are two positive integers. 
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In this case, if 2° > p%, then SL(n) = 2°. When Z(n) + SL(n) = n, we find that 
Z(n) =m=n-—SL(n) = 2*(p* — 1). According to the definition of Z(n), we have 
2p" = DO =1) +1) 


Qk. n 
p* | 5 


So that p% | (2* — 1). 

Now we prove that m = 2*(p* — 1) is the minimum value which satisfy the definition of 
Z(n). From the properties of Z(n), we know that Z(n) > 2**1 — 1, and the possible value of 
Z(n) between 2+! — 1 and 2*+1. a are as follows: 

KOE oo 1 ORT on, ace , Bhrhs eS 

We mark this group of integers as 2*+1- 5; — 1,5; € {1,2,---, a 


gett. 5) — 1 = 28; —1( mod p”). 


Then we can get 1 < 2s, — 1 < p® —2. So p® } (2*+!. s; — 1). 


Bog), Obra Oe a), 
We mark this group of integers as 2*+1- 59, so € {1,2,---, wet — 1}. 
a 2s2( mod p*). 


Then we can get 2 < 2s2 < p—3. So p%{ 2*+!- go. 
If gk < pe; then SL(n) = p, from Z(n) + SL(n) =n we may deduce that Z(n) =m= 
n— SL(n) = p* (a" _ 1). Thus, 


ou k fou k 
oak gp | PORVOO D+ 


From this we may immediately deduce that 2* | (p* — 1) and 2**1 } (p* — 1). 

Now we prove that m = p*(2* — 1) is the minimum value which satisfy the definition of 
Z(n). From the properties of Z(n), we know that Z(n) > p® —1, and the possible value of 
Z(n) between p* — 1 and p*(2* — 1) are as follows: 

C. pt —1, p*- 2-1, «++, p*-(2*-1)-1. 

We mark this group of integers as p*- s; — 1,8, € {1,2,--- ,2*—1}. 


p™- 8; —1= 5, —1( mod 2°). 


Then we can get 0 < s; —1 < 2k —2. When s; —1=0,s0 5s; = 1, and m = p* — 1, 
2*+1 | (p* — 1). Here we obtain contradiction. So 2* + (p*- 5; — 1). 

TD). p%, oP «2, ee, ps2? = 2), 

We mark this group of integers as p® - 82,52 € {1,2,--- ,2* — 2}. 


p® « 82 = S2( mod 2°). 


Then we can get 1 < sy < 2* —2. So 2* | p®- 59. 
Qy a2 


(4) Let n = 2"- s, where s = p® - p{"p$? ---p®", p, pi, p2, °** , Pr are odd primes, and a 
be a positive integer, p® is the greatest prime power divisor of s. That is, 
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p™ = max {p®, pit", p57, °°: , Br’ }. 


In this case, we prove that n can not satisfy the equation Z(n) + SL(n) = n. It means 
that if n has at least three different prime factors, then n is not the solution of the equation. 

Let a = 2*-1. pf p§? ..-p%r, then n = 2a: p%, a > 1, (2a, p*) = 1, pis a prime and p > 3. 

Now we discuss the solution of the equation in the following two cases: 

If 2* > p®, then SL(n) = 2*. Only if Z(n) = n — 2", the equation has positive integer 
solution. 

From (2a, p*) = 1, we know that the congruent equation 


daz = 1( mod p*) 
has positive integer solution, so the congruent equation 
16a?” = 1( mod p®) 
has positive integer solution. We assume that the solution is y, taking 1 < y < p® —1, then 


p* — y is also its positive integer solution. 
p*=1 
2 


So we can take 1 < y < . From 16a”y? = 1( mod p%), we can get p* | (4ay — 1) or 
p® | (4ay + 1). 


A. If p® | (4ay — 1), then 


a ; 4ay(day — 1) 
n = 2a | ‘ 
2 
So we can get 
4da(p* — 1 
Z(n) =m <4ay-1< ae" l=n-2a-1 


B. If p® | (4ay + 1), then 


a 4ay(4ay + 1) 
5 . 


n=2a-p 


So we can get 


Aa(p* — 1 
Z(n) =m < 4ay < av = 2a. 


And it is obviously that 2* < a, when Z(n) =n —2*, Z(n) > n—a. So the equation has 


no solution. 

If 2* < p%, then SL(n) = p*. Only if Z(n) = n — p® = p*(2a — 1), the equation has 
positive integer solution. 

From (2a, p*) = 1, we know that the congruent equation 


p*x = 1( mod 2a) 
has positive integer solution, so the congruent equation 


p°“x? = 1( mod 2a) 
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has positive integer solution. We assume that the solution is y, taking 1 < y < 2a —1, then 
2a — y is also a positive integer solution of the equation. So we can take l1<y< wet. 
From p?“x? = 1( mod 2a), we can get 2a | (p*y — 1) or 2a | (p*y + 1). 
C. If 2a | (p*y — 1), then 
pe y(pey — 1) 
| 5 


n = 2a-p* 


y is an even integer. 


So we can get 
2a—1 


2 


Z(n) =m < p*y—1<p*- 1 


D. If 2a | (p*y + 1), then 


| p°y(p*y + 1) 
ee 


n = 2a-p* 


y is an even integer. 
So we can get 
2a—1 
Z(n) =m < pry <p? 
Then Z(n) = n—p*® is not the minimum value which satisfy the definition of Z(n). In this 


case the equation has no positive integer solution. This completes the proof of Theorem. 
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81. Introduction 


A function f is said to be completely monotonic over (a,b), where —co <a <b<o, if 


Epa 20, (1) 


fora <a<bandk =0,1,2,---. If, in addition, f is continuous at x = a, then it is called 
completely monotonic over [a,b), with similar definitions for (a, b] and [a, }). 

Dubourdien [1, p. 98] pointed out that if a non-constant function f is completely monotonic 
on (a,00), then strict inequality holds in (1). See also [2] for a simpler proof of this result. It 
is known (Bernstein’s Theorem) that f is completely monotonic on (0,00) if and only if 


f(a) = f * ettaylt), 


where jy is a nonnegative measure on [0,0co) such that the integral converges for all x > 0, see 
[3, p. 161]. The main properties of completely monotonic functions are given in [3, Chapter 
IV]. We also refer to [4], where a detailed list of references on completely monotonic functions 
can be found. 

In this paper, some complete monotonicity properties of functions related to the gamma 
function and Barnes G-function are proved, see sections 2 and 3. 


§2. Gamma function 


Euler’s gamma function is defined by 


T(z) = [ t?—e-tdt (R(z) > 0). 
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For the various properties and characteristics of the gamma function, the reader may be referred 
(for example) to the works [5, 6, 7, 8, 9]. 
Inspired by the asymptotic expansion 


(z — oo in jargz < zl), 


InT(z) ~ ~ (z—5)In2— 2+ Inv3r > 


2i( Ho girl 


where B;(i = 1,2,---) are Bernoulli numbers, defined by 


iH i LSB = |t| <2 
— ETE —=- _ as TT, 
i! Q | £479 (95) 

i=1 g=l 


H. Alzer [6] proved the following theorem. 
Theorem 1. For all n = 0,1,2,--- , the functions 


F(x) = nT (a) — (a syne +a In V2n y Bai 


2i(2¢ — 1)a?*-1 


and 
2n+1 


G,(x) = —InI(2) + (a s)ne—e i ina/ Or 4 DS — 


1)a?*— 1 
are completely monotonic on (0,00), which is equivalent to the function 


Bo; 
2i — 1)x??-1 


R,(#) = (-1)” |InT (a2) - (e— 5)me +2 —-Inv2n a 
being completely monotonic on (0, co). 


For n = 0, Theorem 1 was proved by Muldoon [10]. Applying the Euler-Maclaurin sum- 
mation formula, S. Koumandos [11] proved that for all m = 1,2,--- and x > 0, 


oo Bx x se 
1-54 ar 47) < 1 2) 
2 y Oy "eat e" y (27) 


and then used it to give a new and simpler proof of Theorem 1. 


We here presented a very short proof of Theorem 1 by using Binet’s first formula for the 
InT(z) [8, p. 127] 


InT'(2) = (0 5)me—2 +n V2 + (2), (x > 0), (2) 


where the remainder 0(x) is given by 


ae)= fs ; | JS dt. (3) 


Proof of Theorem 1. It is known in [12, p. 64] that 


(_. = Gu ean, (029), (4) 


i=1 
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where 
[oe) 


2 
. », (244) neem 7 


x Pte" dt + (— yn f Pu oe ad 
0 


+(-1)" [ "ye dk. (5) 


Thus (3) and (4) yield 


- a 


2i( aa \g?t-1 
4=1, 


Combining (2) with (5), we immediately obtain 


a(x) = [ tate ds. 
0 


It is easy to see that the function « + R,(a) is completely monotonic on (0,00) for all n = 
0,1,2,---. The proof is complete. 


§3. Barnes G-function 


The multiple gamma function [,, is defined as a generalization of l’-function by the following 
recurrence functional equation for all complex numbers z and all positive integers n: 


Pri (z) 
T(z) 


by Barnes [13, 14] and others about 100 years ago. Barnes [13] gave several explicit Weierstrass 


Dr4il(z + 1) = 


, Ti(z) =T(z) and T,(1) =1 


canonical product forms of the double Gamma function (or Barnes G-function) Tz := 1/G, one 
of which is recalled here in the form: 


[To(z+1))-? = G(z+1) 


= (2n)Pexp(-fe— Hy +02) TG + pt ez + HI 6) 


where y = 0.5772156649--- denotes the Euler-Mascheroni constant. The double gamma func- 
tion satisfies G(1) = 1 and G(z +1) =T'(z)G(z). The theory of the double Gamma function 
has indeed found interesting applications in many other recent investigations (see, for details, 
[15]). 


V.S. Adamchik [16, Proposition 3] derived the Binet integral representation for the Barnes 


G-function a 
InG(z4+ 1) = zInT(z) 4 - 5 Bale) InA 
ea eee 1 1 1 t 
d 
| 2 W-et @ oa oe (7) 


where B2(z) = 2? — z+1/6 is the second Bernoulli polynomial, A is Glaisher’s constant defined 


as 
nz 


nA= lim lta 4 2Side r 


ie ae 
k=1 
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the numerical value of A being 1.282427---. 
A result similar to Theorem 1 holds. 
Theorem 2. For all n = 1,2,---, the functions 
ad 1 
U,(z) = MG(«#+1)-amI(z) = + 5 (2 x+ ra 
2n-1 
Box 
InA 
rig » Dhak — 1)(2k — 2)a2™—2 
and 
a? Ine 1 
Vila) = -mG(e4+1)+alnT(2)+ ; ; (x z+ =) 
2n 
Box, 
InA 
" d 2k(Qk — 1)(2k — 2)42*—2 
are completely monotonic on (0,00), which is equivalent to the function 
@ od 1 
P,(x) = (-1)"|—mG(2+1)+2lnT (2) + = — —(2? —2+ =) 
4 2 6 
“ Box 
InA 
er d 2k(2k — 1)(2k — 2)a2*—-2 
being completely monotonic on (0,00). 
Proof. Write (4) as 
t t t? Bor op i 
14 = Pee > 
e—1 2° 12 & (Qk)! (—Ipne'vald), net (8) 
Thus (7) and (8) yield 
x Ing, 5 1 
nG(a@+1) = «lmI(#)+ (a* —x2+-—) 
4 2 6 
ee a t ¥ 
nA 14 
7 | a a 37 yt 
2 Ing 1 
= «lnI(x)4 2-24 
«In (a) Z 5 (2° — & ra InA 
-S- 2k | p2k-3 ert ge ys f Pn, he wad 
(2k)! Jo 0 
k=2 
e | 1 
= «lnI(x)4 = = (o ze ra, InA 
' Box Oe i - 
1 n+1 #2” 1 i xt 
» 2k(2k — 1)(2k — 2)22*—2 ro | Ue at, 


and therefore, 


P,, (x) =| eye di, 


Clearly, the function ++ P,(a) is completely monotonic on (0,00) for all n = 1,2,---. 


The proof is complete. 
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Abstract The integer d = []3_, p?’ is called an exponential divisor of n = []?_, p%* if bila: 
for every 7 € 1,2,--- ,s. Let 7) (n) denote the number of exponential divisors of n, where 
7)(1) = 1 by convention. In this paper we shall establish a short interval result for r-th 


power of the function +“), where r > 1 is a fixed integer. 


Keywords The exponential divisor function, generalized divisor function, short interval. 


§1. Introduction 


The integer d = []}_, p?' is called an exponential divisor of n = []}_, p%* if bila; for every 
i €{1,2,...,8}, denoted by d|.n. By convention 1|¢1. 

Let 7‘)(n) denote the number of exponential divisors of n, which is called the exponential 
divisor function. The properties of the function +‘ were investigated by many authors, see 
example, [1], [2], [4]. 

Suppose r > 1 is fixed integer. Let 


A(z) = Do (r(n))" 


n<u 


Recently Laszlé Téth [3] proved that 
A(x) = Apa + ©? Por _9(log x) + O(2"*T*), (1.1) 


where P3r_2 is a polynomial of degree 2” — 2, u, = —. and 


A, = JJa+> a) anes ys, (1.2) 


Pp 
In this short note, we shall prove the following short interval result. 


Theorem. If 25+? < y < x, then 


S> (1) (n))” = Ary + Oya? + w/P**), (1.3) 


e<n<at+y 


1This work is supported by National Natural Science Foundation of China (Grant No. 10771127) and 
Mathematical Tianyuan Foundation (Grant No. 10826028). 
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Notations. Throughout this paper, ¢ denotes a fixed but sufficiently small positive con- 
stant. If 1 <a <b are fixed integers, we define 


d(a, b; n) = ae 


n= nen’ 


We have the estimate d(a,b; k) < n© 


§2. Proof of theorem 


In order to prove our theorem, we need the following lemmas. 


Lemma 1. Suppose s is a complex number for with ts > 1, then 
x (7) (n)) r 
P(s) = YT" = 65) ¢2"-4(25)¢-6 (49)G(s,7), 


where C, = 27-1 + 227-1 — 3" > 0, the function G(s,r) can be written as a Dirichlet series 
Car) =>) an) which is absolutely convergent for Res > 1/5. 


n=1 ns? 


Proof. The function 7‘)(n) is multiplicative. So by the Euler product formula, we have 
for 0 > 1 that 


7(e) r le) 2)\r le) r 
So (7 (n))" _ [[c ( (p)) ( (p )) ' ( (p*)) at) 


ae : ps ps : ps 
_ We aa oF a ae ) 
zs ps ps pes pts ps 


= ¢(s)¢7~1(28)¢~°r(48)G(s,r). 


Now we write C, = 27-1 + 22"-! — 3" and G(s,r) := 0° H) Tt is easily seen the Dirichlet 


n=1 né& 


series is absolutely convergent for Res > 1/5. 


Lemma 2. Let | > 2 be a fixed integer, 1 < y < x be large real numbers. Then 


S, L<ya f+ ea log x. 


a<nmi<a+y 


m> «© 


Proof. This Lemma is very important when studying the short interval distribution of 
l-free numbers, see for example, [5]. 


Let a(n), b(n) and c(n) be arithmetic functions defined by the following Dirichlet series (for 
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Res > 1): 


So) = C(s)G(s,0), (1) 


yA = e109), (2) 
yD = (As) (3) 


Lemma 3. Let a(n) be the arithmetic function defined by (1), then we have 


Y a(n) = Ax + O(2* +9), (4) 


n<ux 


where A = Ress=1¢(s)G(s,r). 


Proof. From Lemma 1 the infinite series 7°, “% converges absolutely for ¢ > 1/5, it 
follows that that 


Dlg) « 2F 6. 


n<u 
Therefore from the definition of g(n) and (1), it follows that 


Sr a(n) = > a(n) 


n<ax mn<x 


and A = Res,—1¢(s)G(s,r). 


Now we prove our theorem. From Lemma 3 and the definition of a(n), b(n) and c(n), we 
obtain 


(r(n))” = S>  alni)b(n2)e(ns), 


n=n,n3n$ 
and 
a(n) <n© ,b(n) Kn© ,c(n) K n°. (5) 
We consider two cases. If r = 1, then C;. = 0. In this case, we have 


A(e+y)- A(z) = — S>—_alm)b(n2) 


u<ninz<aty 


= >/+0(>-). (6) 


2 
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where 


= Eom) Yate, 


nS cng ye 
2 2 
= > a(n )b(n2)I. 
2 Bex, nynd <@t+y 
ng > «© 


In view of Lemma 3, 


ES = LY veaySze+ oS) 


i ng<axe 


I 
= 
< 
+ 
~) 
S 
8 
+ 
: 


where A; = Res,=)F'(s). By (5) we have and Lemma 2 with | = 2 we have 
~<a" 
2 x<ninz<aty 
<K a (ya-* + x **) 
= yoo? + a5td™, (8) 


Now suppose r > 2, we have 


A(x+y)— Al) = d2 a(m)b(n2)e(ns) 


x<nyn3n$<a+y 


S>+0(95+5>), (9) 
3 4 5 


where 


al] 
II 
i 
a 
= 
— 
3 
a 
wa 
i= 
— 
3 
bo 
eee 
iv) 
—~ 
= 
w 
baat 


a<nyn3ng<art+y 


ng > «© 


> = J > a(ni)b(n2)e(n3)). 
5 


a<nyn3ng<art+y 


ng > «© 
By Lemma 3 again, we get 
Ay we v1 
= b +z +0 are 
yy D2 Hna)e(ns) (Saaz + sz) *) 
ng <a 
ng < «© 


ae (10) 
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where A, = Res,=1F(s). 
From Lemma 2, (5) and the estimate d(1,4;m) < m* , we get 


> = S- (nyngn3) Ka ys 1 
4 


a<nyn3n$<aty a<nyn3n$<aty 
n2>xre nN2a>xrée 
2 2 
€ 2€ 
=- 2 ) d(1,4;m) <a ) 1 
a<mn3<at+y r<mn3<ety 
ng>xre neg>xve 


< gle (ya~° +57) 


< you? 4 pbthe, (11) 
Similarly we have 
So «yoo? + ob t8*, (12) 
5 


Now our theorem for the case r > 2 follows from (9)-(12). 
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Abstract Let A be a subalgebra of B(H). We say that a linear mapping ¢ from A into 
itself is a multiplicative mapping at Z(Z € A) if p(ST) = y(S)y(T) for any S, T € A with 
ST = Z. Let H be an infinite dimensional complex Hilbert space, and let y be a surjective 
linear map on B(H). In this paper, we prove that if y is a multiplicative mapping at J and 
continuous in the weak operator topology, then y is an automorphism. We also prove that if 
y is a weak continuous multiplicative mapping at any invertible operator with y(J) = I then 


y is an automorphism. 


Keywords Operator algebra, multiplicative mappings at unit operator, automorphism. 


§1. Introduction and preliminaries 


Let A be an infinite dimensional complex Hilbert space. We denote by B(#) the algebra 
of all bounded linear operators on H. The purpose of this paper is to show the following 
theorem. 

Theorem 1.1. Let y: B(H) — B(H) be a continuous linear surjective mapping in the 
weak operator topology. Then the following statements are equivalent: 
(1) y is a multiplicative mapping at I from B(H) into itself, ie. 


9(ST) = 9(S)p(T) (S, Te B(H), ST =I). 
(2) y is an automorphism, i.e. there exists an invertible operator A € B(H) such that 
y(T)= ATA (Te B(H)). 


Characterizing linear maps on operator algebras is one of the most active and fertile re- 
search topics in the theory of operator algebras during the past one hundred years. Recently, 
some authors have paid their attention to the study of automorphisms and derivations. Many 
profound results have been obtained in these domains, which helps us to understand operator 
algebras from a new aspect. We describe some of the results related to ours. Let yp: A— B(H) 
be linear. We say that vy is a multiplicative mapping at Z if p(ST) = y(S)y(T) for any S, Te A 


!This work supported by the Science Foundation Project of Tianshui Normal University (TSA0935). 
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with ST = Z. In 1993, Semrl [11] proved that a linear bijective mapping y with y(I) = J from 
B(#H) into itself is a spatial isomorphism if and only if y is preserving zero product. In 2002, 
Cui and Hou [4] proved that a zero product preserving bounded linear bijective mapping y 
with y(I) = I between atomic nest algebras on Hilbert spaces is an isomorphism. Note that 
(0) = 0, thus, ¢ is preserving zero product if and only if y is multiplicative at 0. It follows 
that a linear mapping is an automorphism if it is multiplicative at 0 under some conditions. 
In 2007, Zhu and Xiong [6] proved that every strongly operator topology continuous derivable 
mapping at J on a nest algebra is an inner derivation. For other results, see [7-10,12,14]. In 
this paper, the operator space B(H) is given the weak operator topology. It is the aim of us to 
prove that every weak continuous linear surjective mapping is an automorphism if and only if 
it is multiplicative at I. 

The plan of this paper is as follows. In section 2, we introduce some preliminary lemmas 
relating to the proof of Theorem 1.1. In section 3, we give the proof of Theorem 1.1 and get 
Corollary 3.1 in which the identity operator J in Theorem 1.1 is replaced by any invertible 
operator G € B(H). 

Throughout this paper, we use H to denote an infinite dimension complex Hilbert space. 
The symbols B(H) and F'\(#H) stand for the set of all bounded linear operators and the set of 
all finite rank operators on H, respectively. < -,- > denotes the inner product on H. x @y 
and J denote the rank one operator < -,y > x and the identity operator on H, respectively. 
Denote by ran(T) and N(T) the range space and the kernel space of T(T € B(H)). Also T* 
denotes the adjoint of T. The weak operator topology on B(#) is the topology induced by the 
seminorms P, (7) = |< Tz,y > | for all 2, y € A. 


§2. Preliminary lemmas 


Lemma 2.1 is obtained from [3]. We only state its content and omit its proof. In Lemma 

2.1, X is a Banach space over the field of real numbers or the field of complex numbers. The 
symbol B(X) stands for the set of all bounded linear operators on X. 

Lemma 2.1.) Let y be a weak continuous linear mapping which preserve the rank of 
rank-one operators non-increasing. Then one of the following holds: 

(i) There exist linear mappings A € B(X) and C € B(X) such that y(T) = ATC for any 
T € B(X); 

(ii) There exist linear mappings A € B(X) and C' € B(X) such that y(T) = AT*C for 
any T € B(X); 

(iii) There exist weak-weak continuous linear mapping 6(-) : B(X) — X and fo € X* such 
that y(T’) = 6(T) ® fo for any T € B(X); 

(iv) There exist weak-weak* continuous linear mapping \(-) : B(X) — X and a € X such 
that y(T) = x ® A(T) for any T € B(X). 

Lemma 2.2. Let y : B(H) — B(H) be a weak operator topology continuous linear 
surjective mapping. If y is multiplicative at I, then y(I) = I. 
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Proof. For any idempotent operator P € B(H), we have 


1=(P- 12 nip- 1p, 
then 
vt) = o(P-*tY8ngp- in 
= fp) — EM ng ry) - 2 pcPyp) + ot’. (a) 
Similarly, 
ol) = o(P-Fngp- tin 
= oP) Bing ry - 2 crypt + on? (2) 


The result of [1] implies that every operator in B(H) can be written as the sum of five idem- 
potents in B(H). As ¢ is surjective, we have 


p(T =Te(I) (T € B(A)). 


It follows that y(I) € CI. Namely, there exists A € C such that y(J) = AI. By y(1) = ¢(I?) = 
y(I)?, we get that AJ = A?I. Hence, either \ = 0 or A= 1. 

If y(Z) = 0, according to Equation (1), we have y(P)? = 0 for any idempotent P € B(H). 
Let S € F(H) be any self-adjoint operator. Then S = }7/_, a; P; for some orthogonal projec- 
tions P; € B(H) and a; € R (1 <i <n). Since P; + P; is also a projection (7 ¥ 7), it follows 
from y(P; + P;)? = 0 that 


o(Pi)e( Pj) + e(P;)p(Pi) = 9. 
This further yields y(S)? = 0. For any F € F(H), there exist two self-adjoint operators 
S1,S2 € F(H) such that F = $; + iS. Since y(.S1 + Sz)? = 0, we have 

9(S1) p(S2) + p(S2)e(S1) = 0. 
It follows that 


OF)? = 9S, +iS2)? 
= (51)? + i(p(51)9(S2) + 9(S2)—(51)) — v(S2)? = 0. 
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As the ideal of all finite-rank operators in B(H) is a dense subset of B(H) in the weak operator 
topology, we obtain that y(T)? = 0 for any T € B(H). This shows that the range of ¢ is a 
set consisting of nilpotent operators. However, I € B(#) is not a nilpotent operator, which 
contradicts the assumption that y is surjective. Hence A = 1 and so y(J) = I. 

Lemma 2.3. Let y : B(H) — B(H) be a weak operator topology continuous linear 
surjective mapping. If y is multiplicative at J, then 

(i) For every idempotent operator P € B(H), we have y(P)* = y(P); 

(ii) For every P € B(H) with P? = 0, we have y(P)? = 0. 

Proof. (i) It is an immediate consequence of Equation (1) and Lemma 2.2. 

(ii) For every operator P € B(H) with P? = 0, we have 


eI) = (UC -—P)U+ P)) 
= oI —P)p(I+P) 
= (I)?-9(P)? 
= (I)- 9(P)’. 


It follows that y(P)? = 0. 


§3. The proof of the main theorem and a corollary 


Proof of Theorem 1.1. We divide the proof into the following three steps. 
Step 1. We will prove that rank(y(P)) = 1 for any idempotent P € B(H) with rank(P) = 
1. Set 
X, = PB(A)P, Xo = PB(H)(I-— P), 
X3=(I-P)B(H)P,  Xa=(I-P)B(H\I-P), 
and 
Yi = o(P)B(A)Y(P), Y2 = o(P)B(A)U — v(P)), 
¥3=(I1-9(P))BUA)e(P), Ya = (1 — 9(P)) BUA) — 9(P)). 


Then B(H) = X41 f Xo f X3 } X4 = Y, f Yo } Y3 } Y4. For any T E Xa, we have (T+P/)* =T+P 
and T? = 0. It follows from Lemma 2.3 that y(T' + P)* = »(T + P) and ¢(T)? = 0. Namely, 


y(T) = 9(P)¢(T) + 9(T) (FP). (3) 


eT) = 9(P)9(T)+ 9(T)y(P) 
= ¥(P)(T)— 9(P)e(T)e(P) + o(T)e(P) — o(P)e(T)e(P) 
= 9(P)y(T)T— 9(P)) + I - o(P))e(T)¢(P). 


It follows that y(X2) C Yo + Y3. Similarly, we can show that y(X3) C Yo + Y3. 
Since P is an idempotent operator of rank one, we have X; = CP. It follows that y(X1) C 
Y,. Next, let us prove that y(X4) C Y4. Since X4 is ismorphic to B(Ker(P)), and the result 
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of [1] says every operator in B(H) can be expressed as the sum of five idempotents in B(H), 
we need only prove that y(Q) € Y4 for every idempotent operator Q € X4. In fact, for every 
idempotent operator Q € X4 we have PQ = QP = 0. Then (P+ Q)? = P+Q. By Lemma 
2.3, we get that 


P(P)p(Q) + o(Q)e(P) = 0. (4) 
Note that y(P)? = y(P). So 
P(P)9(Q) + o(P)e(Q)e(P) = v(Q)e(P) + o(P)e(Q)e(P) = 0. (5) 


According to equations (4) and (5), we get that 


which further yields 


9(Q) = 9(Q)U—-9(P)) 
(I — y(P))¢(Q) 
(I — p(P))p(Q)UT — y(P)) € Ya. 


Furthermore, by X; = CP, we have »(X1) = Cy(P). So, y(B(H)) C Cy(P) 6 2 8 ¥3 @Y4. 
= Y; = »(P)B(A)p(P). This means that 


p( 
pl 


However, y is a surjective mapping, that is, Cy(P) 
y(P) has rank one. 

Step 2. We will prove that rank(y(# ® y)) < 1 for any rank one operator x @ y € B(A). 
In fact, if < x, y >4 0, then (< x, y >)~!x @ y is a rank one idempotent operator, that 
is, rank(p(x @ y)) = 1 by step 1. Assume that < 2, y >= 0. For x € AH, it follows from 
Hahn-Banach theorem that there exists y1 € H such that < x, y) >= 1. Let yo = y1—y. Then 
<2, yg >= 1. Hence x@yj, ©By2 are rank one idempotent operators and r@y = ry, —LOyo. 
According to step 1, p(x ® yi) = 8; ®t; with < s;, t; >= 1, i = 1,2. For any m € [0,1], we 
have < x, my, +(1—m)y2 >= 1. Thus, there exist $,tm € H with < 8m, tm >= 1 such that 


p(mz @y1 + (1— m)z @ y2) = v(x ® (my, + (1 — m)y2)) = 8m @ tm, 


ms, ty + (1 — m)s2 @ te = Sm @ tm. 
This means that either s;, sz are linearly dependent or t;, tz are linearly dependent. So 


rank(y(x@@y)) = rank(y(x ® yi — x @ y2)) 
= rank(s1 ® ty — 82 @ ta) < lL. 


Step 3. We will prove that there exists invertible operator A € B(H) such that y(T) = 
ATA or 9(T) = AT*A™! for every T € B(H). By step 2, satisfies the conditions of 
Lemma 2.1. Applying the assumption that y is a surjective mapping, we get that there exists 
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To € B(A) such that rank(y(To)) > 1. This means that » has only one of the forms (i) and 
(ii) in Lemma 2.1. 

Suppose that the case (i) of Lemma 2.1 occurs. Then there exist linear mappings A,C € 
B(#) such that 


y(T)=ATC (T € B(H)). (6) 


Next, let us prove that A is bijective. Since y is surjective, equation(6) shows that A is 
surjective. Assume that there exists nonzero vector x9 € H such that Avg = 0. Then there 
exists 2 € H such that < x,z >= 1 by the Hahn-Banach theorems. From step 1, y(xo ® z) 
is a rank one operator, which contradicts y(%p © z) = Arvp ® Cz = 0. This shows that A is 
bijective. According to I = y(I) = AIC = AC we have C = A7!. So y(T) = ATA™!. 
Similarly, if the case (ii) of Lemma 2.1 occurs, we can prove that y(T) = AT*A7!. 


Lastly, we will prove that y is an automorphism. Let M C H be a separable subspace 
and {e,,}°2, is a basis of M. We define the operator S on M by S(e,) = en4i(n = 0,1,---). 
Notice that $ has a left inverse but no right inverse. So, for any invertible operator T € B(M*+), 
S@T € B(H#) isa left invertible operator. Namely, there exists Z € B(H) such that Z7(S@T) = 
I but (S$ 6T)Z # I. Suppose that y(T) = AT* A! for every T € B(H), then 


I= (1) 


9(4(S @T)) 
= 9(Z)9(S eT) 
= AZ*(S@T)*A" 
= A((S@T)Z)*A' 
= 9((S@T)Z). 

It contradicts y(S @T)Z) 4 y(I). Hence, y is an automorphism. 

Corollary 3.1. Let y : B(H) — B(H) be a weak operator topology continuous linear 
surjective mapping with y(J) = I. For any invertible operator G € B(#), if y is multiplicative 
at G, then y is an automorphism. 

Proof. For every idempotent operator P € B(H), we have 


@sies(e=5 as : aig 
It follows that 
ae) = ot-t pyg- Kine 
= vn -*yenw@- rey 
= one) -— ingee) - + spre 
+ 9(P)p(PG). (7) 
Similary, 
AG) = v(ne@ — 7 ngre- re 


+ 9(P)p(PG). (8) 
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Comparing equations (7) and (8), we have 
e(PG) = (P)e(G). 


Notice that every rank one operator in B(H) may be denoted as a linear combination of at 
most four idempotents in B(H) (see [13]), and every finite rank operator in B(H) may be 
represented as a sum of rank one operator in B(H). Thus we get that 


O(FG) = (F)e(G@) (Fe F(A). 
Since F'(#) is a dense subset of B(H) in the weak operator topology, we have 
o(TG) = o(T)p(G) (T € B(H)). 
Using the same method, we can prove 
O(GT) = o(G)y(T) (T € BUH)). 
For any S, T € B(H) with ST =I, we have G= STG. So 
9(G) = 9(S)e(TE) = v(S)9(T)9(G). 
This further yields 
(9(S)9(T) — De(G) = 0. (9) 
Note that G is an invertible operator, it follows from 
I= (1) = op(GG") = o(G@)y(G") 


and 
T= 9(1) = o(G'G) = 9(G*)9(G) 


that y(G) is also invertible. Hence, we get that y(S)y(T) = I = y(J) by equation (9), ie. y 
is a multiplicative mapping at J. It follows from Theorem 1.1 that y is an automorphism. 
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Abstract The upper and lower chromatic number of uniform mixed hypergraphs have 
inevitable relation with C-hyperedge and D-hyperedge. In general, the increase in the C- 
hyperedge will increase lower chromatic number yx, increasing D-hyperedge will decrease 
upper chromatic number X7,. This papers take complete uniform mixed hypergraphs for ex- 
ample, revealed further the relationship of C-hyperedge with between the upper chromatic 
number and lower chromatic number. We give a few conclusions for mixed hypergraph 
K(n, l,m) = (X, eae Cy whose some C-hyperedge are deleted. 

Keywords A complete uniform mixed hypergraph, polychromatic C-hyperedges, the minim- 


um, upper chromatic number, lower chromatic number. 


§1. Lemma and the basic concepts 


Definition 1.1.1 Let X = {21,22,--+ ,an} be a finite set, C = {C1,C2,---,Ci}, D = 
{D,, D2,-++ ,Dm} are two subset clusters of X, all C; € C meet with |C;| > 2, and all Dj ¢ D 
meet with |D;| > 2. Then H = (X,C,D) called as a mixed hypergraph from X, and each C; € C 
called as the C—hyperedges, and each D; € D called as the D—hyperedges. In particular, that 
Hp = (X,D) called as a D-hypergraph, the Hc = (X,C) for C—hypergraph. 

Definition 1.2.2] For 2 <1,m<n=|X|, let 


K(n,l,m) = (X,C,D) = (X, & (7) 


m 


where |C| = (7), [P| = (”). Then K(n,1,m) is called as a complete (1,m)-uniform mixed 
hypergraph with n vertices. 

It is clear that for a given n,1,m, in a sense of the isomorphic existence just one K(n, l,m). 

Definition 1.3.4] For Mixed hypergraph H = (X,C,D), the largest i among all strict 
i-coloring of H call as the upper chromatic number H, said that for xx. 

Definition 1.4.7) For mixed hypergraph H = (X,C,D), ifai partition X = {X,, Xo,--- , X;} 
of vertex sets X satisfy with follow condications: 


!This work is supported by National Natural Science Foundation of China: Study and Application of the 
Polynomial of Graphs (N010861009). 
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1) For each C-hyperedge at least two vertices be allocated into the same block; 

2) For each D-hyperedge at least two vertices be allocated into different blocks. 

Then the partition is called as a feasible partition of H. 

Obviously, any strict 7 coloring of 7 corresponds with a strict i feasible partition, and vice 
versa. They are equivalent. Therefore, we write one feasible partition of H or a strict 7-coloring 
cas: c= Xi U X2U---UXi, and r;(H) = 1; is the sum total of all feasible i partition . 

Definition 1.5.2] Let S be a subset of the vertice set X of mixed hypergraph H = 
(X,C,D), if the set does not contain any C-hyperedge (D-hyperedge) as a subset, then it is 
called C stable or C independent (D stable or D independent). 

Lemma 1.1.'*°) Let mixed hypergraph H = (X,(*),D), where 2 <r <n=n(H), then 
arbitrary a coloring of H meet condition 


X(H) =r—-1. 


Definition 1.6.'°] For mixed hypergraph for H = (X,C,D), if there is a mapping c : 
Y — {1,2,--- ,A} that between subset Y € X and A colors {1,2,--- , A}, and it meet following 
conditions: 

1) For each C-hyperedge C' € C, at least two vertice are the same color; 

2) For each D-hyperedge D € D, at least two vertice are different colors. 

Then mapping c is called as one 4 colors normal coloring of the mixed hypergraph 7. 

Definition 1.7.7) In a normal i—coloring of H, if i colors are used, then the coloring is 
called as a strict 7-coloring. 

It is clear that a normal (7) coloring of mixed hypergraph H must be a strict coloring. 

Definition 1.8.!7! For any coloring c of the mixed hypergraph H = (X,C,D), let Y isa 
subset of X, then if Y satisfied: arbitrary y; € Y and yo € Y, there is c(y1) = c(y2), then we 
call the subset Y as monochromatic, if each of two is different colors, that is c(y,) 4 c(y2), then 
we call subset Y as the polychromatic. 

By the definition of the normal coloring of the mixed hypergraph, we know that for any 
normal coloring of hypergraph, a D-hyperedge not is a subset of monochromatic, a C-hyperedge 
not is a subset of polychromatic. 

Definition 1.9.) In arbitrary a strictly i-coloring of H, the vertex set X of H is divided 
into 7 partitions, and each partition is a non-empty subset of monochromatic, we call it as the 
color class. 

Lemma 1.2.2] Let mixed hypergraph H = (X,C,D), and n = |X|, then regardless H 
can normally coloring or not can, but the coloring of its sub-hypergraph He and Hp is always 
available and there is x(He) = 1, r1(He) = 1, X(Hpd) = n(H), rn(Hp) = 1. 

Lemma 1.3.!?1 For mixed hypergraph H’ = (X,C,(*)), if VC € C, where |C| = k and 
n(H’) < (k—1)(m— 1), then ¥(H’) > k-1. 

Lemma 1.4. For mixed hypergraph H = (X,C,D), let H is arbitrary a subhypergraph 
of H, the x(H) > x(H’), x(H) < x(1). 

Lemma 1.5.!"] For a colorable mixed hypergraph H = (X, Cis Cy where 2<l,m<n, 
then 
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2) 1 is the uncolorable if and only if [2] > 1. 

Lemma 1.6.!"] For C-hypergraph H = (X,C,0), if VC € C with |C| > k, then X(H) > k-1, 
and all (& — 1)-coloring of H are normal. 

Lemma 1.7. Set X = (X1, X2,--- , X;) as the partition which correspond to an i-coloring 
of the mixed hypergraph H = (X, (+), (*)) (It not necessarily is normal coloring), and |X1| = 
n1,|X2| = ne,--- ,|Xi]| = n;, & is the number of the polychromatic C-hyperedges from this 
partition, then 

1) when i < 1, have k = 0; 

2) when i > I, have 


_ ror ! 
k= y Ny Ny ++ Ny. 


{n},ng,-- ni }C{ni,ne,-- ni} 


Proof. 1) Clearly, when 7 < 1, a arbitrary C-hyperedges have at least two vertices whose 
color is the same, then k = 0. 

2) When i > l, it is clear that & > 0. Because the vertices in the polychromatic C- 
hyperedges have various colors from different classes, and for the uniform mixed hypergraph 
H = (X, ear (ys have |C| = I, so the C-hyperedges which accoding to following steps are 
agained have to be the polychromatic: 

i) From the i color classes arbitrarily selected out | color classes X},X4,--+ , XJ; 

ii) From the X/, i = 1,2,--- ,1 arbitrarily selection out | vetices 7;, 1 = 1,2,--- ,1, this | 
vetices formation a polychromatic C-hyperedges. 

It is clear that all polychromatic C-hyperedges are included in which are gained through 


the above-mentioned methods. 


=. hah: / 
k= y Ny Ny +N}. 


{ni} ng, ni }C{ni,ne,-- ni} 


Therefore 


§2. The main results 


Theorem. For the complete (/,m)-uniform mixed hypergraphs H = (X, ear Ci, let 
n = |X|, cbe ai coloring of H, and each of D-hyperedges of H is normally colored by it (c not 
necessarily is a normal coloring of #1), k is the number of polychromatic C-hyperedges under c, 
then 

1) When n < (l—1)(m— 1) +1, kmin = 0; 

2) When n > (1 — 1)(m—1) +1, let n= q(m—1)+ r(0 <r <m-—1), for a fixed n, have 
kmin = (:4,)(m—14r + ()(m = IY. 

In particular, when n = (1—1)(m—1)+r(0 <r <m—1), have kin = r(m—1)'"!, to 
all n > (J—1)(m—1)+1 and to all coloring c which all D-hyperedges are normally colored by 
it, have: kmin = (m—1)-, 


Proof. 1) Clearly, when n < (I—1)(m—1)+1, k > 0. The following we only can prove that 


the existence of a coloring i which meeting with & = 0, then this conclusion is true. It is clear, 


for each of D-hyperedges coloring is normal, the vertex number in each of color classes no more 
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than m—1. Thus, the following method may be use for coloring the complete (1, m)-uniform 
mixed hypergraph H = (X, Ci (oh 

Select out arbitrary m— 1 vertices from the vetex set X of H and give color 1 to them, 
then select out m— 1 vertices from the remaining n — m+ 1 vertices and give color 2 to them, 
--+, followed by and so on, until when the number of remaining vertices less than m — 1, give 
all of remaining vertices with a new color which differented from above all colores. 

Since n < (1—1)(m—1)-+1, so that the color number which yielded in the coloring process 
no more than /—1. Thus, in this coloring process, coloring of all C-hyperedges are normal. 
Therefore, kmin = 0. 

2) Because all D-hyperedges are normally colored by c so that the number of vertices 
which contained in each of color classes not more than m — 1, ifn > (1—1)(m—1)+1 and 
n=qm—1)+r(0 < r < m—1), then the number of colores used in coloring c is at least q 
(when r = 0) or g+ 1 (when 0 <r <m-—1) and not less than J, that is i > q>l. 

When the number of vertices n is the same, among all coloring programs which each 
of D-hyperedges of H = (X, Cis cay is normally colored by they, exception for that those 
the color number is g (when r = 0) and ¢+ 1 (when r > 0 ), the each of the rest color- 
ing program can see as that it is gained through moving vertices from some color classes of 
the coloring program of the color number is the g (when r = 0 ) or g+ 1 (when r > 0 ) 
into the other color classes. And by Lemma 1.7, we can see that for two different coloring 
programs c; and C2, if the number of colors both used are the same and the vertex number 
included in each of color classes of c; equal to that of cz when appropriate exchange the order 
of color classes. Then, the number of the polychromatic C-hyperedges from both must are 
equal. Thereby we as long as prove that the number of the polychromatic C-hyperedges from 
coloring program ¢ = {211,%12,°** ,£1(m—1)} U{%21, £22,°** ,£am—1y} U- + Ufte1, 22,°°* 
Lq(m—1)} U{%(q41)19 X(q41)22°** 1 L(q41)r}, where vertex number n = g(m—1)+r(0 <r <m-—1) 
and the color number i = q+ 1 is less than that from the other coloring programes, then the 
conclusion is true. Follow is the proof. 

Use the mathematical induction on vertex number moved. 

Let the number of vertices moved is p, the division Corresponding with this coloring pro- 
gram is ¢ = {%141,%19,°** 4 @i¢m—iy} {wars @e2,°** 3 Baym} Ue fees teas? * , Seten—1y} 
Ute (ara @(q41)20°** @qti)rt- 

Its graph representation is as follow (see Fig. 1) 


Fig.1 


First of all, we prove that when p = 1, the conclusions is true. By Lemma 1.7, we know that 
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the number of the polychromatic C-hyperedges that correspond with the coloring c = {#11, “12, 
: ives Ut{x21, £22, vee Magna) } U a Uf 2q1, Xg2; cia ida ai) U{2(q41)1 £(q41)2 tee 
X(qta)r} is 


{X1,X3, XP C{X1 Xe, Xqti} 
where Xy = {%11,%12,°** , €1(m—1)}, Xa = {@a21, £22,°+* ,Lam—1)}.°°* » Xq = {Hq1,Fgas°** 
Lq(m—1)})Xqt1 = {L(q41)1,T(qt1)2.*** »L(qt1)r}- Because |Xi| = |X2| = +++ = |Xq| = m— 


1, |[Xq+1| =P, then, 


a ( is , (m—1)' r+ (*) (m—1)'. 


Clearly, to take out a vertex from any color class and to put into other a color class, only 
include the following situations: 

Case 1. Take out a vertex from one of color classes X1, X2,--- ,Xq and put it into other a 
color classes; 

Case 2. Take out a vertex from color class Xg;1 and put this vertex into the new color 
class Xy+9. 

First we prove that Case 1. 

Where Case 1 was divided into the following two circumstances: 

Case 1.1. The vertex took out from one of color class X1, X2,-+- ,Xq is put into X41; 


Case 1.2. The vertex took out from one of color class X1, X2,--- ,Xq is put into Xq+2. 

For Case 1.1, let the number of polychromatic C-hyperedges corresponding with the col- 
oring program obtained by moving this vertex for k,, and we may let that take out the vertex 
«js from color Class X;(j € {1,2,---,q}) and put 2, into the color class X41. It is clear 
that after make such a movement of vertex x;, comparison with the mobile ago, only two color 
classes X; and X41 their vertex number is changed, and the vertex number of that included 
in the remaining color classes still is the same before mobile. Let that the division after moving 


vertex xj, as follows (see Fig. 2) 


Fig.2 
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For the calculation of value of kj — k2, we do not use conventional methods of algebraic 
deformation, but consider about the essence of the calculation of Lemma 1.7 gain the values of 
k, and k. with follow methods: by Lemma 1.7, we know that the polychromatic C-hyperedges 
corresponding to someone coloring program of H can be seen as obtained through method of 
that as follows: the first select out / color classes from all-color classes, and then select out 
a vertex different from everyone of | color classes. All of that selected out | vertices are a 
polychromatic C- hyperedges. The number of this kind selecting methods above is equivalent 
to the sum total of polychromatic C-hyperedges. Therefore, according to this we known that all 
of the polychromatic C-hyperedges can be divided into two types: one is that its some vertices 
are from the color class X; or X41; The other is that all of vertices not are from X; and X,4+1. 
Because for the coloring programs corresponding to k, and k., among all their color classes, 
exception for X; or X41, others all color classes did not make any changement. Therefore, only 
the polychromatic C-hyperedges which adjacented to the color class X; or Xq41 for ky — ke’s 
contribution is not necessarily zero, and the rest of the polychromatic C-hyperedges are zero 
contribution to k, — k,. 

So 


= (775 )om— tm 2+r+1—m+1-r] 


As a prerequisite condition of that proved this result is n > (1 — 1)(m— 1) +41, and 
n=q(m-1)+r(0<r<m-1), therefore, m >r+1, s0 m—(2+r) > 0, and then by formula 
(2), we can see ki > k,. Therefore, the conclusion is true. 


For Case 1.2, let the number of the polychromatic C-hyperedges producted from coloring 
program that corresponding with the division obtained by move the vertex for k,, and let that 
we take out xj, from color class X;(j € {1,2,--- ,q}), and put it into color class Xj+2. Clearly, 
the color classes of that after vertex moved compared to that before vertex moved, only X; 
and X,+2 have the vertices changed, and the vertic number of the remaining color classes still 


is the same before. The new division obtained by moving vertex is as follows (see Fig. 3) 
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*j(s-1) 


®9(s+1) 
j-+1)(m-l2) 


i (m—1) i DD) 


Fig.3 


Similar with Case 1.1, we can obtain that 


i 
ki—ke = = m— 


= (775 )om— tom —2) + (27 3) Gn Sm — 2) 
>. 0, 


Therefore, k; > k,. Conclusions also is true. 

Next to prove Case 2. 

Similar with the provement of the Case 1, we let the number of the polychromatic C- 
hyperedges producted from coloring program that corresponding with the division obtained by 
move the vertex for ky, and let that we take x(,,1), out from color class Xq+41, and put it 
into color class X42. Clearly, the color classes of after vertex moved compared to that before 
vertex moved, only Xy41 and X,+2 have that vertices changed, and the vertic number of the 
remaining color classes still is the same before. The new division obtained by moving vertex is 


as follows (see Fig. 4): 


(q+1)r 


*(a+1)(r—-4) 


Fig.4 
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By Lemma 1.7 we gain that 


nko = (,%,)em— nye) + (4 Jom 


( BH foe a. 
= (,2,)em—1)%-1) 
> 0. 


Thus, ky > k,.. Then the conclusions of this theorem is true. 

Synthesis over provement, we know that the conclusions of this theorem is true when p = 1. 

We let that when p = t, the conclusion also is true. Next to we prove that when p=t+ 1 
the conclusion also is true. 

Because the division corresponding with p = t is obtained by moving ¢ vertices of the 
division (indicated in Fig. 1) from its some color classes to other some color classes, and in this 
a process of moving vertex, we can always keep that the number of vertices in each of color 
classes are descending order from left to right. 

By Lemma 1.7, we can see that this does not affect the value of k. This is very obvious, 
because even if the descending order of the number of vertices in each of all color classes from 
left to right is destroyed by moving vertices, as long as appropriate exchange location of each of 
color classes, all of color classes are re-ordered with descending order from left to right and this 
exchange will not affect the value of k. Thus, we can let that when p = t, the corresponding 
division for that indicated in Fig. 5. 


Fig.5 
And the vertices numbers of all of the color classes meet: 
Ny 2 Ng Fr > Nj. 


Obviously i > q+ 1. At the same time, we let that the total number of the polychromatic 
C-hyperedges that producted by coloring program which corresponding p = t for k,, then when 
p=t-+1, the corresponding division is obtained by moving a vertex of someone color class of 
the division for p = t to other one color class. Therefore, when p = t+ 1, that corresponding 
division may is the following two situations: 

1. Choose a vertex and put it into other color classes, but does not increase the chromatic 


number; 
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2. Choose a vertex and put it into the new color class, namely, the chromatic number is 
increased. 

In both cases, following we give out the proof of this problem. 

First we prove that Case 1. 

Let that the division corresponding with p = t+ 1 be obtained by taking out x;,, from the 
ji-the color class of the division that indicated in Fig. 5 and put it into the jo-th color class 
of this division. At the same time, we may let 7; < jo < 7, as for the case of 7; > jo, we can 
similarly give out the proof. Then similar with above proof, we have that 


Kes ke 


{91.5300 Sip FEAL, L512} 


TN jo 5 Mga ge Nigh 
{Hp 5a00° Fi-1 FEAL. {91 2} 


NG, Nin ) gt hs acas Ng! 
{91990 Fj_gb C{1,2,- t\ C5152} 


(My, _ 1) : Mg N55 -_ N54 
{515507 I{_ySCA1.2,-- {9152} 


= (My, + 1) . Magy eggs Mgt 
{515507 Fj aS CA1,2,-+ {9152} 


(My, _ 1)(n5. + 1) S- Pgh tgs GT 
{549077 I] F C{1,2,-% tb\ {9152} 


= ) ng ng rong (nz, —L4+nj, +1—ny, — nj.) 
{91.950 Ifa} C{1,2,-" a\ {9132} 


+ > nny ng [(ng, — 1) (ng. +1) — 05,154] 
{if ibs dt} CLL. 2.-- tH Lot dod 


= De mggrgy == Myt_ [ej — (Mg + 1). (3) 
{915307 Jig} (1,2, t}\ {51.52} 

If that we move each vertex by follow method: to maintain the vertices numbers of all 
of color classes are in descending order from left to right throughout the entire process of 
moving vertices. Then we want to achieve the above the movement of that for p= t+ 1, the 
movement must meet with the n(j1) > ncj2) + 1. In fact, easy to know from Lemma 1.7, the 
value of k corresponding to arbitrary coloring 7 must be equal to the number of polychromatic 
C-hyperedges from the coloring program corresponding to someone division obtained through 
making a vertices special movement that according to above rules. Therefore, for the range of 
the value of k, it is enough to only make the special movement as above. Thus, by formula (3) 
and nj, > nj, +1, we know that ky41 > ky. Also from the assumption we can see: ky > ke, 
thus ki41 > ke. 
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Next to we prove that Case 2. 
Let that we take vertex xj, out from the j-th color class of the division in graph 5 and put 
it into the 7 + 1-th color class of this division, then similar with above proof we gain: 


Kt —-k = (nj —1) ) 5, jg °° Mira 
{j1.J2.° Jia} C{1,2,-+ J- 1g +1, th 


ae , Nj, Mjg °° Miya 


{j1.J2.° Ji-1$C{1,2,-+ 3-1 941, tf 


+(n; — 1) Tj, Njg*** Njr_o 


{hr Jas Ji-2} CE {1,2 J -1,J +1, st} 


TN : Nj MNjg 0 Miya 


{ji J207 Str C{1,2,° 93-141, a} 


= » Nj, Njq + Mjp_y (nj —1+1— N54) 
Gasdaye dia FOUL 20 FLL a} 


+(n; — 1) 5 Tig Rigg? * Teja 
iii jose gio CU gigi 


a (n; oe) S- 151 Njg °° Mjy_o 


{j1.J2.°° Ji-2} {12,5 J-1g +1, th 


= 0. 


That is, ky:1 > ky. By inductive assumption, we can see ky > ke, therefore, ky41 > ke. 

So, when p =t +1, the conclusions are true. 

Integrated above, we can see that the conclusions are true for the arbitrary p € N. 

Namely, to certain n > (J —1)(m—1) +1, if let n = q(m—1)4+r(0 <i < m-—1), then for 
arbitrary a coloring program c which with all D-hyperedges are normally colored through it, k 
(the number of the polychromatic C-hyperedges from it) not less than that k., where k, is from 


coloring c = {#11,212,°°° »Xiga=1} U{r21, £22, ee etm) ws | {agi Pea, ed Cat U 


{2@iayis T(q4+1)2.° °° igiitel- 
Clearly, 
{X1 Xb," XPFC{ X11, Xa, Xqti} 
where Xx, = {241; T12,°"° i Citm—ij fs Xo = {©21, T22,°°° ; Leta ts — Xq = {2gi,%q2s Pa ae 
Da(m—1) hs hath = {%(g41)1) £(q+1)2> — Ss Bigaaye hs 


Consequently, when n > (1 — 1)(m— 1) +1, if let n = q(m—1)4+ r(0 <r < m—1), then 
to a certain n, have kmin = (,2,)(m—1)'"1r + (9)(m— 1)! 
Through the above-mentioned proved process of and the last conclusion above we easy to 


know that, ifn = (1—1)(m—1)+r(0 <r < m-1), to all of coloring programe which with all 
1-1 


of the D-hyperedges are normally colored through they, have kin = r(m — 1) 
Follow we prove the second half of the conclusion (2) of the theorem. 
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First prove the following assertion: 

Assertion. The minimum of k above is increase with n (n is the number of vertices of #1). 

Proof of this assertion. We know from the above proof that the minimum of & also 
is equal when the vertex number is equal. Here we think two the complete uniform mixed 
hypergraph Hi = (X), ear ) and Hy = (Xo, Ger (2), the number of their vertices 
different are n,; and ng, and ny > ng > (I—1)(m—1)+1. Then exist r > 0 so that ny = no+r. 
We will divide the set of vertices of H, into two parts: take nz vertices out from |X| as the 
first part; Remaining r vertices as the other part. For anyone coloring c of Hy which all D- 
hyperedges are normally colored through it, then the polychromatic C-hyperedges from it also 
can divide into two kinds: one kind is the their vertices are all from the first part above, namely, 
they do’t include the vertices from the second part above; Other kind is that at least include 
one vertex from the second part above. 

Let that the sum total of the polychromatic C-hyperedges from the first kind be k,,, and that 
from the second kind is k, where coloring program c is one that for k reach to the minimum. At 
same time, we let that the minimum of the polychromatic C-hyperedges from coloring program 
c which all D-hyperedges are normally colored through it different is k},,,, for Hi and k?,,, for 


Ho, then k1,, = kn, + kr > k?.,, + kp > k2,4,- This is because r > 0, so have k, > 0. 

Therefore, the assertion is proved. 

By the assertion and the proof of the preceding theorem, we can see that for all n > 
(1—1)(m-—1) +1 and all coloring c which each of D-hyperedges is normally colored, k reach the 
minimum if and only if nm = (1— 1)(m—1)+ 1 and when the vertex numbers of all color classes 
different are m — 1,m—1,---,m—1,1, by Lemma 1.7, we can see that kmin = (m—1)!>1. 

—————<———~ 


(i-1) 
Theorem is proved. 
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Abstract In this paper we introduce an AC-algebra as an algebra (X,*,0) with a binary 
operation * which satisfies the conditions; x * (y* z) = (x#*y)*z,r*y=yx*axandrxy=0 
if and only if x = y for all x,y,z in X. We show that an AC-algebra is an Abelian group and 
that a subset of an AC-algebra is a subalgebra if and only if it is an ideal. We also present an 
algebraic structure called a quotient AC-algebra relative to a subalgebra of the AC-algebra 
and show that the quotient algebra is also an AC-algebra. Moreover,we define functions on an 
AC-algebra and prove that a set of finite compositions of these functions is also an AC-algebra 


and show the properties of this set. 


Keywords AC-algebra, quotient AC-algebra, functions on AC-algebra. 


81. Introduction 


By an algebra X = (X,*,0) we mean a non-empty set X together with a binary operation 
* and some distinguished element 0. 

Kondo [1] studied an algebraic structure called a BCI-algebra which is an algebra (X, , 0) 
with a binary operation * which, for all x,y,z € X, satisfies the four properties: 


1. ((a *y) * (a * z)) * (2 xy) = 0; 

2. (ax (ax y)) xy =0; 

3. £*x=0; 

4. xx y=yx*x =0 implies that x = y. 


In 2003, Roh et al. [2] introduced a difference algebra as an algebraic structure which, for 
all x,y,z € X, satisfies the five properties: 


1. (X,<) is a poset; 
2. “2@<yimpliesr*z<y*z; 
3. (wxy)*z< (ax z) *Y; 


4.0 < a2; 
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5. « <yifand only ifrxy=0. 


In this paper we first introduce an algebraic structure called an AC-algebra and study 
its properties. We then define a quotient AC-algebra and show that it is also an AC-algebra. 
Finally, we define functions on an AC-algebra and prove that a finite composition of these 
functions is an AC-algebra. 


§2. Definition and properties of an AC-algebra 


We define an AC-algebra as follows: 

Definition 2.1. An algebra (X,*,0) with a binary operation * is called an AC-Algebra if 
it satisfies the conditions: 

[AC-1] a * (y * 2) = (a * y) * 2; 

[AC-2] ax y= y* a; 

[AC-3] a * y = 0 if and only if # = y, for all z,y,z in X. 

It is easy to show that the following properties are true for an AC-algebra. For all 2, y, z 
in X: 


1. (ax y) * z= (a@x*z) *Y; 
2. (wx (axy)) xy =0; 
3. 7*x0=2; 
4. Ox (a*y) = (0* x) * (0 * y); 
5. ((a * z) * (y* z)) * (a xy) =O; 
6. ((a@ *y) * (a * z)) *(z*y) =); 
7. ax y =0 if and only if (a *« z) * (y* z) =0; 
8. ©*xy =0 if and only if (z * 2) *(z*y) =0; 
9. xx y =~ if and only if y = 0; 
10. x (((x*y) *y) * x) * x) = y* (((y* a) * x) *y) *y); 
ll. c=yx(y*2); 
12. (ax (ax y)) *(axy)=y* (y* a). 
Example 2.1. Let X = {(0,0), (0,1), (1,0), (1, 1)} and let * be defined by 
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Then (X, *,(0,0)) is an AC-algebra. 

Example 2.2. Let B = {0,1} be the set of binary digits. Let B” = {(x1,%2,--+ ,&n)|xj € 
B,1<j<n< oo} be an ordered n-tuple of binary digits. Let « be the operation + for binary 
digits (i.e.,0+0=0, 0+1=1, 1+0=1, 1+1=0). Then (B”,+,0), where 0 = (0,0,--- ,0), 
is an AC-algebra. Note that Example 2.1 is the special case of n = 2. 

Example 2.3. Let B = {F,T}, where F means false and T means true. Let B” = 
{(@1,%2,°°+ ,2n)|v; € B, 1 <j << co} be an ordered n-tuple of false or true. Let * be the 
logical operation wor (exclusive or), ie., F vor F = F, F cor T=T, T vor F=T, T xor T= 
F.. Let F be the n-tuple with every entry false. Then (B”,xor,F) is an AC-algebra. 

Definition 2.2. A non-empty subset I of X is called an ideal of X if 

[Ii] 0 € J; 

[In] cxy Ee Landy € I imply « € I for all x,y in X. 

Definition 2.3. A non-empty subset S of X is called a subalgebra of X ifxrxy ES 
whenever x,y € S. 

Theorem 2.1. S is a subalgebra of an AC-algebra X if and only if S is an ideal of X. 

Proof. Let S be a subalgebra of X. For every x,y € X we have 0 = xxx © S. We 
suppose that y,xz* y € S$ and we will show that x € S. Since S is a subalgebra of X, we have 
(axy)xy € S. By [AC-1] and [AC-3], we obtain « = 7*0 =a (yxy) = (xxy)*y € S. Hence 
S is an ideal of X. 

Conversely, suppose that S' is an ideal of X. For every x,y € S we have (a1 *y) * a = 


(axa)*ey=Oxy=yx*x0=y€S. By the definition of an ideal, we conclude that x *y € S. 
Hence S is a subalgebra of X. 
Theorem 2.2. An AC-algebra is an Abelian group and each element is its own inverse. 
Proof. An AC-algebra (X,*,0) has the following four properties under the operation *. 
For all 2, y,z € X, 


1. axyEX. 

2. ux (y* z) = (ax y)* z [AC-1]. 

3. There exists an identity 0 such that x *0 =<. Property 3 in section 2. 

4. «xx =Oand «*y = Oif and only if « = y [AC-3]. Therefore x is the unique inverse of z. 


Therefore an AC-algebra is a group. Further, from [AC-2], « x y = y * # and therefore an 
AC-algebra is an Abelian group. 
Next we construct a quotient AC-algebra and study its properties. 


§3. Definition and properties of a quotient AC-algebra 


Definition 3.1. Let I be a subalgebra of an AC-algebra (X,*,0). For every z,y € X, we 
define x ~,; y if and only if a*y € J. 
Theorem 3.1. Let I be a subalgebra of an AC-algebra (X,*,0). The relation ~; is a 


congruence relation on X. 
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Proof. We first prove ~; is a reflexive, symmetric and transitive relation, i.e., it is an 


equivalence relation. 
1. Reflexive property. From [AC-3], « * 2 =0 and 0 € J. Therefore x ~; «. 


2. Symmetric property. From [AC-2], «xy = yxa. Therefore, «xy € J if and only if yxa € I 
and hence « ~; y if and only if y ~, a. 


3. Transitive property. If ~~; y and y ~; z then a *y € J and yx z € IJ. Therefore, since I 
is a subalgebra, (a * y) * (y* z) € I. Then, from [AC-1], [AC-3] and property 3 of section 
2, we have 


(xy) * (y* z) = (wey) xy) *2z = (ae (y*y)) ¥ z= (We) z= Ex z, 
and therefore x * z € J and hence x ~ 7 z. 


We next prove the congruence property that x ~; y and u ~; v implies (a * u) ~; (y * v) for 
all z,y,u,v € X. 

Ifv~; y and uz; v, we have xx y € land ux*v € I. Therefore, since J is a subalgebra, we 
have (a * y) *(u*v) € I. Then, from [AC-1] and [AC-2], we have 


(a xu) *(y*v) = (a*xy) *(uxv) el. 


Hence (x * u) ~7 (y * v). 
Definition 3.2. Let I be a subalgebra of an AC-algebra (X, *,0) and let 


[t]r = {y © X|x ~7 yf. 


We define the set X/I to be X/I = {[z]r|a € X} and a binary operation “©” on X/I by 
[z]r © [ylr = [x * Jr. 

Theorem 3.2. Let J be a subalgebra of an AC-algebra (X,*,0) and 2,y € X. Then 
[z]r = [y]r if and only if x ~z y. 

Proof. 


1. Assume [a]; = [y]r. Then x € [a]; since 0 € I and x«*a=0. Therefore, x € [y]; and 
hence x ~ 7 y. 


2. Assume x ~; y. Let z € [x];, then z ~; x. Therefore, using the transitive property of ~; 
we have z ~,; y and hence z € [y];. Similarly, we can prove if z € [y]; then z € [a];. That 
is, [x]7 = [ylz. 


Note that the operation © is well-defined since ~; is a congruence relation on X. 

Theorem 3.3. Let I be a subalgebra of an AC-algebra (X, *,0) and let [z]7©[y]z = [x*y]r. 
Then (X/I,©, [0]7) is an AC-algebra, which we call the quotient AC-algebra by subalgebra J. 

Proof. Let [z]r, [y|r,[z]r € X/I. We will show that (X/T,©, [0]r) satisfies [AC-1], [AC-2] 
and [AC-3]. 

[AC-1] 


([z]r © [ylr) Olz]lr = [xe ylr © [z]r = [(w* y) * 2]r 
= [x*(y*z)|r = [z]z © [y* 2]7 = [2]7 © ([ylz © [2]2). 
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[AC-2] [z]7 © [y]r = [e * yr = ly * 2] = [y]r © [2]. 

[AC-3] Suppose [7 © [y]r = [0]z. By definition of operation “©”, we have [x * y]r = [0] 
and therefore from Theorem 3.2 we have x * y ~; 0. Then (a * y) «0 € J. But, from properties 
of AC-algebra, (a * y) *0 = a*y and hence «*y € I. Therefore x ~; y and then from Theorem 
3.2 [x]r = [ylr. 

Conversely, suppose [2]; = [y]z, then from Theorem 3.2, we have x ~; y and therefore 
xx«xy € I. By properties of AC-algebra we have x * y = (a * y) «0 and therefore (x xy) *0 ET 
and a * y ~; 0. Therefore, from Theorem 3.2, [x * y]; = [0]; and thus [a]; © [y]; = [0]r. 

Hence (X/I, ©, [0]r) is an AC-algebra. 


84. Definition and properties of functions 


Let (X,*,0) be an AC-algebra. For any a € X, we define a function f, : X — X by 
fa(z) =av*a_ forall xin X. 

Remark 4.1. fo(z) =2«*0=2 for all x in X. 

Definition 4.1. Let (X,*,0) be an AC-algebra. We define composition of two functions 
on X by fao fo(x) = fa(fo(x)) = fa(a * b) = (a * b) «a for alla,b,a Ee X 

Theorem 4.1. Composition of two functions on an AC-algebra is a commutative and 
associative binary operation. 

Proof. If f,, f,, and f, are three functions on an AC-algebra then, for all x € X: 


fao fo(w) = (ab) *a=ax*(bxa)=a2*(axb) = (x¥a)*b= foo faz) 
(fa fo) Oo fe(a) = (fae fo)(a*c) = ((x xc) *b) xa = (a~xcx% db) a= fala * cx b) 
= fao(foo fe)(2). 


Remark 4.2. From Theorem 4.1, we can omit the brackets in a product of functions and 
write: 


(fa ° fo) ° felz) = fa (foo fe)(@) = fac fro fe(z). 


Remark 4.3. Because of the associativity of the « operation [AC-1], we can write the 


composition of any number of functions in the form: 
fa foo feo+++0 fm(a) = U*M*-++ EXD KA 


i.e., all groupings of the functions in the composition will give the same function values and 
therefore brackets can be omitted. Also, because of the commutativity of the * operation 
[AC-2], every ordering of composition of the functions will give the same value. 

Theorem 4.2. Let (X,*,0) be an AC-algebra and a,b € X. If fa o fo(x) = fo(x) for all 
x €X then fa(x) = fo(x) for all x € X. 

Proof. fo f(x) =x *b*a= fo(x) = 2 for all x. Then from property 9 of section 2, we 
have b« a = 0 and therefore by [AC-2] and [AC-3], we have a = b. Therefore f,(a) = fp(x) for 
allz € X. 

Next we define a set of finite products of functions under composition on an AC-algebra 
and show that this set is an AC-algebra. 
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Definition 4.2. Let (X,*,0) be an AC-algebra. We define 
M(X) = {far © fas °**+ fan | a7 © X} f= 1,2,...,2) 1S 0 < ooh. 


Theorem 4.3. If (X,*,0) is an AC-algebra, then (M/(X),0, fo) is an AC-algebra. 
Proof. Let (X,*,0) be an AC-algebra and M(X) be defined as in Definition 4.2. Let 


fa? fxo...0 fe € M(X), 
fm 0 fn 00 fr € M(X), 
fu foo. 0 fe € M(X). 


Then, using the fact that brackets in products of functions can be omitted, we have for all 
rex 


(fa ° foo-++ 9 fk) °(fmo fno+++ © fr) ° (fue fu o+++ 0 fz)(z) 
[fa © foo-+-O feo fin fno-+++° fr] 0 (fue fo o-++° fz)(2) 

fa © fyo-++0 feo fmo fnO+++° fro fue fy o+++0 fz(Z) 

(fao foo--+0 fk) °[(fmo fno++° fr) ° (fu fu o+++ 0 fz) (a). 


Therefore M(X) satisfies [AC-1]. Also, by a similar argument and using the properties 
of AC-algebras listed in section 2, we can show that M(X) satisfies [AC-2]. Finally, property 
[AC-3] follows by applying Theorem 4.2 to products of functions. 

In the following, we let fufp--- fy denote f, 0° fyo---o f, and f” denote fy o fa o---0 fa 
for n terms. 

Remark 4.4. Note that fao fpo-+-0 fo fim(@) = fmelx--xbxa(Z) and also f?(x) = fan(a). 

Definition 4.3. Let (X,*,0) be an AC-algebra. We define the relation = on (M(X), 09, fo) 
by fafor+ fe = fmfn ++ fr if and only if (fafo-++ fe) © Ufmdn «+ fe) (a2) = fo(a) for all a € X. 

Remark 4.5. Note that from Theorem 4.2, (fafo--- fr) °(finfn- +: fr)(@) = fo() for all 
x € X ifand only if fafo--:fe(z) = fnfn- +: f(x) for all « € X. Alternative definitions of = 
are therefore fa fy: -: fk = fmfn-+: fr if and only if fafo--- fe(@) = frnfn- +> f(x) for alla € X, 
or, using [AC-8] if and only if (fafo-+: fe)(2) * fmfn- ++ f(a) = 0 for all x € X. 

Remark 4.6. As a special case, note that fa = fp if and only if fa o fe(x) = fo(a), ie., if 
and only if fa(x) = fo(a) for all a € X. 

Theorem 4.4. The relation = defined in Definition 4.3 is an equivalence relation. 

Proof. 


1. The relation = is reflexive. From [AC-3], fafo-++ fi(@) * fafo-+: fx(v) = 0 for all a e X 
and therefore fafo--- fr = fafo--: Sr: 


2. The relation = issymmetric. If fa fo--- fe = fmfn- +: fr then fafo--> fe(a)*fmfn- ++ fr(@) = 
0 for allz € X. Then from commutativity finfn- ++ f(a) * fase: +: fe(v) = 0 for alla € X. 


Therelore: fata’ f= Jotae-* fe 


3. The relation = is transitive. If fafo--- fr = fmfn--+: fr then from Remark 4.5 fafo--+ fe (x) = 


findn+ ++ fr(x) for all x EX. If frnfn- +: fr = fufo-++ fe then finfrn= ++ fr(x) = fufo+++ fe(@) 
for all x € X. Therefore, from Remark 4.5 fafy--- fe = fufo-+> fe- 
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Theorem 4.5. Let (X,*,0) be an AC-algebra. Then fafy--: fr = fmfn--: fr if and only 
ifaxbx---*e#kK=M*enx«--*T. 

Proof. (=) Let fafo::- fr = fmfn-+-+: fr. Then, from Remark 4.5, we have fa fp--- fx(a) = 
finfn- ++ fr(@) for all a € X. 

Therefore, from Remark 4.3, cxax*xbx*x---xk=ax*mx«xnx---*r for all « € X. Then, using 
property 8 of section 2 and [AC-3], we have 


Axb*---*kK=M*N*-+- KT. 
(<=) Let axbx---*k=mxnx---*r. Then, for all ze X, 
DeKAKDK KK =LKMENK: KT. 


and therefore from Remarks 4.3 and 4.5, we have fafo:-: fx = fmfn-++ fr 
Lemma 4.1. For all fa; ¢ M(X), j =1,2,...,m, we have 


(foi foa*** jae = eae _ f, 


for any positive integers m and k . 

Proof. The proof is by induction on k. The lemma is obviously true for k = 1. 
We assume the lemma is true for & and it is sufficient to show that the lemma is true for k+ 1. 
Then, 


(far faz oe on ee = (far far oo ia) are als Taye) 
= (Ioifler””* tam) Gaiden” Tom) 
= RC Roe pee 


dee aaa A 
Lemma 4.2. Let (X,*,0) be an AC-algebra. For each positive integer & we have 
ok¥=a Voe M(X) if and only if fF= fa VaeXx 
Proof. Let k be a positive integer. Suppose that o* = for all o € M(X) anda € X so 
that f, € M(X). Thus, choosing o = fa, we have f* = fa. 
Conversely, suppose that for each a € X, f* = fa. 
Then we have: 


co = (farfag**: tua 


= i oe a by Lemma 4.1 
= farfar+:: fam 
= 6, 


Theorem 4.8. For any AC-algebra (X,*,0) and any positive integer m, the following 
conditions hold: 


1. f2" = fo for allac X. 
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2. f2ml= f, forallac X. 
3. X = {0} if and only if f?" =f. for allae X. 
Proof. 
1. From Remark 4.4 and the fact that a?” = 0 for all a € X, we have f2” = f2m = fo. 


2. For all a € X and by the properties of AC-algebra, we have 
er" age") Seale)" Ses0 =e. 


Hence f,2m+1 = fa and therefore, from Remark 4.4, f?"*! = fa. 


3. Suppose X = {0}. Then if a,x € X we have a = 0 and x = 0 and therefore f,(x%) = 
z*a=0*0=0 for all a,x € X. Also f,?"(x) = x * (a)? = 0 (0)?” = 0 for all 
a,x € X. Therefore fy = f2™. 

Conversely, for each a € X ,suppose f2” = fa. From Remark 4.4, f?™(x) = fa2m (x). 
Then fa2m = f2” = fa. By Theorem 4.5 we have a?™ = a and since a?” = 0 therefore 
a=0. This means that X = {0}. 


Corollary 4.9. Let (X,*,0) be an AC-algebra and (M(X),0, fo) be the corresponding 
AC-algebra for function compositions. Then, for any positive integer m, the following conditions 
hold: 


1. 0?” = fo for all o € M(X). 
2. 0?™tl=¢ for allo € M(X). 
3. M(X) = {fo} if and only if 0?” =o for all o € M(X). 
Proof. Apply Lemma 4.2 to Theorem 4.8. 
Definition 4.4. Let (X,*,0) be an AC-algebra and k be any positive integer. We define 
Ly = {0 € M(2)|o* =o}. 
Theorem 4.10. If, for positive integer m, k = 2m then L;, = {fo} and if k = 2m+1 then 
Ly = M(X). 
Proof. 
1. If o € Lom then o?” = o. But, from Corollary 4.9, 0?" = fo for all o € M(X). 


Therefore, if ¢ € Lom, then o = fp. Conversely, if o € {fo}, then 0?” = fp =o and 
therefore ¢ € Lom. Therefore Lo», = {fo}. 


2. If o € M(X), then from Corollary 4.9, we have 7+! = o. Therefore ¢ € Lom4i. That 
is, M(X) C Lam41. But, by definition Lon41 C M(X), and therefore Lon41 = M(X). 


§5. Discussion and conclusions 


We have defined: 
An AC-algebra as an algebra (X, *,0) with a binary operation « which satisfies the condi- 


tions: 
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[AC-1] a * (y* 2) = (a xy) * z. 
[AC-2] ax y=y*a. 
[AC-3] a * y = 0 if and only if = y for all z,y,z € X. 


We have shown that: 


1. 


2. 


S is a subalgebra of an AC-algebra X if and only if S is an ideal of X. 


An AC-algebra is an Abelian group and each element is its own inverse. 


. The algebra of the logical exclusive or (xor) operation applied to ordered n-tuples of true 


(T) and false (F) is an example of an AC-algebra. 


. Let I be a subalgebra of an AC-algebra (X, *,0). 


If we define [x]; by [x]; = {y € X|x * y € I} and an operation © by [2]; © [y|r = [x * yJr, 
then (X/I,©, [0]r) is an AC-algebra, which we have called a quotient AC-algebra by the 
subalgebra I. 


. We have defined functions on an AC-algebra by f,(#) = x*a, a,x € X and a composition 


operation o for these functions. If M(X) is the set of finite compositions of functions, 
then we have shown that (M(),0, fo) is an AC-algebra, where fo(2) = x * 0 = « for all 
LEX. 


. We have defined the equivalence relation = on (M(X),o, fo) by fa = fy if and only if 


fa © fo(x) = fo(x) for all a € X. 


. For any AC-algebra (X,*,0) and any positive integer m, the following conditions hold: 


(a) f2™ = fo for allae X. 
(b) f2"+1 = f, for allae X. 
(c) X = {0} if and only if f?" = f, for allae X. 
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Abstract In this paper we shall study the mean value of the exponential divisor function 
involving a negative r-th power by the convolution method. This gives a comparison with the 
result of Laszlé Toth. 
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§1. Introduction 


The integer d = []°_, p?' is called an exponential divisor of n = []?_, p% if b;|a; for every 
i €{1,2,...,s}, notation: d|en. By convention 1|.1. 

Let 7°)(n) denote the number of exponential divisors of n. The function 7°) is called 
the exponential divisor function. The properties of the function 7) is investigated by many 
authors, see, for example, [1], [4], [5], [6]. 

Suppose r > 1 is a fixed integer. M. V. Subbarao [3] remarked that 


S (rn) ~ A,2, (1.1) 


where 


A, :=TJa+ 52 Sor an a (1.2) 


Laszl6 Toth [4] improved the result (1.1) and established a more precise asymptotic 


formula for the r-th power of the function 7°) 


S- (7 (n))? = Apa + 23 Por_o(log x) + O(a” **), (1.3) 
n<u 
where A,. is given by (1.2), Pr_2 is a polynomial of degree 2" — 2 and u, = at. 
The aim of this short note is to prove the following: 
Theorem. Suppose r>1 and N > 1 are fixed integers, then 
uf =a HY . 
So (7 (n))-" = Cpa + x? log? “~?(S > dj(r)log~/ « + O(log” ~* 2), (1.4) 
n<ux j=0 


1This work is supported by National Natural Science Foundation of China (Grant No. 10771127) and 
Mathematical Tianyuan Foundation (Grant No. 10826028). 
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where do(r), di(r),--+ ,dn(r) are computable constants, and 


one [Ja + 5 LO = ole, 


In order to prove our theorem, we define for an arbitrary complex number z the general 
divisor function d,(n) by 


do ae(n)n-* = ¢7(s) =[]a-p)* (> )), 


where a branch of ¢*(s) is defined by 


6*(s) = exp{z log ¢(s)} = exp(-z 2) j'p-#) (0 > 1). 


p j=l 


This definition shows that d,(n) is multiplicative function of n which generalizes d,(n). The 
divisor function d;,(n) (k > 2 a fixed integer) may be defined by 


Ye ae(nyn-* = (8) =T]a-p)* (> 0). 


Pp 


Throughout this paper, ¢ always denotes a fixed but sufficiently small positive constant. 


§2. Proof of theorem 


The proof of the theorem is based on the following lemmas. 
Lemma 1. Suppose s is a complex number for with 3s > 1, r > 1 is a fixed integer, then 


SS (72(n))- =r 
F(3) =) TL = G(s)? 1(25)G(s,7), (2.1 


where the Dirichlet series G(s,r) := 7°, 2 is absolutely convergent for Res > 1/4. 


n=1 ns 
Proof. Since 7‘°)(n) is multiplicative, by the Euler product formula we have for ¢ > 1 


that, 


f(s) = ike a ids 2 
ee eae 
= Ma-5)"Ta =U | = | - fae 
= «o[]a+ be) 


Vol. 5 A negative order result for the exponential divisor function 87 


where 
1. je 27-1 3 r-27 
G(s,r)=]Ja-s,) "G4 poe) 
II pes pes pts 
Write G(s,r) := OP, SY. ") Tt is easily seen the Dirichlet series is absolutely convergent 


for Res > 1/4. 
Lemma 2. Let A > 0 be arbitrary but fixed real number, and let N, > 1 be an arbitrary 
but fixed integer. If |z| <A, then uniformly in z 


S- dz(n) = C,(z)tlog*~tx + Co(z)alog* 72 +--- 


n<x 
+Cn, (z)tlog? “2 + O(alog®®*-Ni~*2), 


where C;(z) = B;(z)/I'(z-— 7 -—1)(j =1,--- , Ni) and each B,(z) is regular for |z| < A. 


Proof. See Ivié [2], Theorem 14.9. 
Lemma 3. Let A > 0 be arbitrary but fixed real number, and let M > 1 be an arbitrary 
but fixed integer. If |z| <A, then uniformly in z 


» d.(n) = C*(2)a + x2 (Ky(z)log*—!2 + Ko(z)log? 24 +--- 
mn2<ax 
4K y(z)log?-™ 2) + O(a? log®#-M 12), 


where the functions K;(z)(j =1,--- ,M) are regular in |z| < A. 


Proof. Suppose 1 < y < x is a parameter to be determined later. We have 


EH = Lae D+ TY am LT Dam 


mre <x n<y ms ay ms yn MS oy n<y 


For }>,, we have 


nsy nsy 
We see that |d,(n)| < d,(n), if k = [A]+1 and |z| < A. If we use the weak asymptotic formula 
(see, Ivié [2]) 
S~ dk (n) = wP-1(log x) + O(2™), 


n<u 
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the error term in D, is bounded by O(ylog*—' y). So by Lemma 2 and the partial summation, 
we have 


= oy ey) ot) + O(ylog*~* y) 


1 n>y 
x aD . 2x ae . 
= (e+ = S°C;(2)log? Fy + = So(z - AC; (2)log? Fy 
Y 5a Y 
22 ae . . ae 
; S(2-H(z-— F — NC; (z)log Gaps 
j=l 


+O(= logy) + O(ylog*" y). 


Using Lemma 2, it is seen that 


= Dw) 


3 mS ye MSY 


- > d.(n\(% +0(1)) 


nsy 


Ni 
x z—j x ez—N,— co 
= 2 C;(z)log “y+ O(log™ Ni~ly) + O(ylog*— ty). 
j=l 


By similar computation, we can obtain 


2 MS Wy j=l 
Ni 
_ —2, 0 2-5, %y2 [@ Rez—Ni-1/% 
= Va >~Cj(z) S- m~ 2log* /(—)? + O( ye —log (—)) 
a nee m mest m m 
Ni logm 
Z—J Zz an Z— 
= VEY C(2)(5) Mog 2 Ym ba Pe 
g=1 MS oe 
+0(/alog®*—™1-1¢ m-?) 
MS 
= 40 (Etagts 9), 
2,1 


where we define 
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Using Taylor formula and foregoing method, we have 


Ni 
Lg ee gets 4 .logm 
DD = VEX GG) Mog? 92 YY m4 - ae 
2,1 j=l mS 
(z—j)(@-J—1) logm,, 
= 2! Cone: oe) 
Ni r Ni 
= 2?) K;(z)log? Ia — — YS (2 —-9)Cj(2)log?7"y 
j=l Y j= 
2x al 
; So(2- H(z — J — 1I)C;(z)log? Fy + 
j=l 


where K,(z),--» , Ky¢(z) are regular functions. So by choosing y = /tlog® «, C = Rez—M—k 
and Ni = 2M +k — Rez completes the proof of the Lemma 3. 


Now we go on with the proof of our main Theorem. Combining Lemma 1 and Lemma 3, 


we get 


Sr (r(n))-" = S2 da(na)g(ns) 


n<a nynang<x 


= Yg(nms) YS > de(no) 


ng <x ninz<a/n3 


= «(7 "-1(2) © g(ns)na* 


n3<x 


M 
1 = pcan 
ae Ss g(n3)n3 M2 S| Kj log pea 

n3<x j=l 


es > a(m3)(—)#logh=-M—M(—)) 
= S\(a + S2(x) + O(S3(x)), (3) 


say, where we choose z = 27" — 1. 


In the following procedure, we just need to calculate the three sums separately. That is 


Si(w) = 2? "~1(2) © g(ng)ng~* — 2¢? "1(2) S° g(nz)n37? 


= C,2+0(22*). (4) 
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Analogously to Ys, ,, here we can again use the Taylor formula to obtain 


So(a) = x? S~ gf (n3)n VY Ki lag i 


n3<x 


log n3 


= AY Ko Sa S* gf ng /?(1 a ie 


n3 <x 
M-1 
cs meat i — 
= xg2log* “2 S- E;(r) log? a + O(@? log? '~“-? x) 
ea 


= 2x? log? ~ mt ) log~4 & + O(a? log? “~~? x), (5) 
where Fj (r),---,E£y(r) are computable constants depending on r, and we set N = M — 1. 
Similarly, 
v yi ez—-M-1/ © 
Se(a) = DF g(ns)(=-) Flog MN) 
n3 <x 
I ] 
= x? logke?—M La by g(ng)ng~!/2(1 _ a 
og x 
n3<x 
<K «? log? ~My = 27 log? ~N-3 x. (6) 


So our theorem follows from (3)-(6). 
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81. Introductions and basic definitions 


Throughout this paper X denotes a real Banach Space and A partition of [a,b] is a finite 
collection of interval-point pairs {I,€} with the intervals non-overlapping and their union [a, 0], 
here € is the associated point of I, we write D = {I,€}. It is said to be 6-fine partition of [a, }] 
if for each interval-point {7,€} we have € € I c (€ — 6(x),€+ 6(2)). 

Let f is Banach-valued function defined on [a, b] and we use to (D) S> f(&)|Z| represent the 
Riemann sum of f corresponding to the 6-fine partition D = {T, €}. 

Definition 1.1. The function f : [a,b] — X is Henstock integrable on [a,b] and A © X 
is its Henstock integral if for each ¢ > 0 there is gauge 6(t) on [a,b] such that for any 6-fine 
partition D = {I,&} of [a,b] we have 


ID) 5 FOU - All <e. 


The function f is Henstock integrable on a set EC [a,b] if the function f - yz is Henstock 
integrable on [a, b] and we denote (H) tis fxe = (A) J, f, where yz denotes the characteristic 
function of E and we denote (H) { Pee = (2) fe 

The properties of Henstock integral of Banach-valued functions are similar to real-valued 
functions, the reader is referred to [1] [2] [3] for the details. 


§2. Main results 


First we give Harnark extention principle of Henstock integral on Real-valued function. 


1This work is supported by the Gansu Provincial Education Department Foundation 0708-10. 


92 Fengling Jia and Wansheng He No. 4 


Theorem 2.1.[] Let f : [a,b] — R is Henstock integrable on close set E C [a,b], 


[a,b] \ B= Ul ci, d;), if f(x) is Henstock integrable on each [c;, d;], and yout Fi, [ci, di]) < o, 


then the function f is Henstock integrable on [a, }] 


a [san fre Soun fs 


In order to prove Theorem 2.2, we need the ee lemmas and these notes, Let Eo = 
E, Ey = (c,d), E2 = (c2,d2),-°° Fi; = (ci, d;),- , &; (\£; = = ot x 4); such that [a, ] = 


U £;. Define function 
i=0 


f(z), re Us 
0, eld \ UB 


Obviously, fn(x) > f(x), € [a, B]. 

Definition 2.1." A family {f,,} of Henstock integrable functions is said to be uniformly 
Henstock integrable on [a,b] if for each e > 0 there exists a gauge 6 on [a,b] such that for any 
d—fine partition D = {I,€} of [a,b] and all n € N we have 


b 
D) > fal) - (Hf hilee 


Lemma 2.1.!4] Let f, : [a,b] > X are Henstock integrable on [a, b], n € N and satisfies: 
i) fr{z) —? flz).2 € [a, b]; 
ii) {f,} is uniformly Henstock integrable on [a, 0]. 

Then f is Henstock integrable on [a, b] and 


fs jim f fn 


Definition 2.2. Let f, : [a,b] > X,n € N, for any « > 0, there is N € N and positive 
function 6(€), such that for any é6—fine partition D = {I,€} of [a,b] form,n > N, we have 


D) DF fm(Q)|- (D) YF fall <e, 


then {f,} is a d—Cauchy sequence. 
Lemma 2.2. Let f: ‘fla, b]| — X is Henstock integrable on close set FE and each interval 


[c;, dj],i = 1,2,---, and yw if f is unconditionally convergent, define the function {f,} 
such as (1), then { Fr} i isa oo Canchy sequence. 


Proof. Because SH if f is unconditionally convergent, for any ¢ > 0, there is N €¢ N 


such that - a a 
Ian |] fil<s, (2) 


i=N Ci 
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because fx, is Henstock integrable on [a,b], for ¢ > 0 and each n there is 6,(t) > 0, dn4i(t) < 
dn(t),t € [a,b] such that for any 6,-fine partition D, = {I,€} of [a,b], we have 


E 
Dn) fxes(QUI- (HD fs < see. (3) 
Define function 6 : [a,b] > (0,-+00) as follows 
d(t) = On (t), t c (ci, di], n = 0,1,2,--- 


Let D = {I,&} is 6— fine partition of [a, b], it must be 6,—fine partition, when m,n > N(m > 
n), by (2) and (3), we have, 


D) >> fx(U|— (PD) >) fm OUI 
= ie ae f)|Z| — S(D So fre (OU 
i=0 i=0 


- ye SP fre, (UII 
dj 
DVD fxe, (Z| - cH) f itP> un [i 


t=n+1 ce i= Z| 
m - di; 

y ‘euidin| fll 
i=nt1 i=N % 


E 
<syat+5 <6 


/\ 


then {f,,} is a 0—Cauchy sequence. 
Lemma 2.3. Let f : [a,b] — X is Henstock integrable on close set E and each interval 


[c;, dj],¢ = 1,2,---, and Le if f is unconditionally convergent, define the function {f,,} 


such as (1), then {fn} is citi Henstock integrable on |[a, }]. 

Proof. By Lemma 2.2, {f,,} is a d—Cauchy sequence, then for any ¢ > 0 there is No € N 
and do(t) > 0 such as for any do fine partition Do = {J,€} of [a,b], and when m,n > No we can 
obtain 


II(Do) 32 fn(€)IZ] — (Do) SF fn (€) g)itill < =. (4) 


Since yu if f is unconditionally convergent, there is N, € N such that 


un [ fi<é (5) 


Each f, is Henstock integrable on [a,b] and (H) ‘i i vw | f, when m,n > 
i=0 Ej 


i= 2 ( 


Ni(m > n), according to (5) , 


mf r— f tol=D ( mf" n<§, (6) 


i=nt+l1 
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and for each n € N, there is gauge function 6,,(¢) of [a,b], for any 6,-fine partition D, = {I,&} 
of [a,b], the inequality 


E 
Da) moul-doup fi sl<s (7 
=0 Ei 
holds. Choose N = max{No, Ni },and let Hy = U E;, and Hy, = (cCn,dn),n > N, because 
i=0 
(Cn, dy) are disjoint, the sets Hy and H,(n > N) are also disjoint and Hy LU U H,) = [a,b]. 


n>N 
Let us define 6 : [a,b] > (0,-+co) such that 


6(t) = min{do(t), 1(t), d2(t),-+- dn (t)},¢ € Hw 


and 
d(t) = min{do(t), 61(t), 62(£),--- , On(f)},t € An, n > N. 


The following we will prove that for any d— fine partition D = {I, €} of [a,b] and for alln EN, 
the following inequality holds 


b 
DV mOi= Cf fill<e. 


Let D = {I,€} is a 6— fine partition of [a,b], then D is 6,— fine partition, using (4), for 0 < 


n < N, we have 
b 
é 
DV mOiN=(H) f fil<e<e 


by (4),(7) and (6), for n > N we have 
b 
D> SAGE mi fal 
b 
DY flO] — (DY fr(QUII + MD) Yo fe(OUI (Hf fr 


suf inf fall — 


For any 6—fine partition D = ys &, Il don fn (€)|Z| — H)ff. fn|| < ¢, that is, for alln € N 


this equality ||(D >> frl§)|Z| - 


integrable on [a, }]. 


ye fe f || < € also holds, so {f,} is uniformly Henstock 
2 


i= 


Now we give Harnark extention principle of Henstock integral for Bnanch-valued function 
as bellow. 

Theorem 2.2. Let f : [a,b] — X is Henstock integrable on close bet E c |a,0], 
[a,b] \E= Ue (c;,d;). Let f(x) is Henstock integrable on each [c;, di], and er F;, [ci, di]) is 


w=1 w=1 
unconditionally convergent, then The function f is Henstock integrable on [a, }] 


ay [r= cn f+ doon fr 
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Proof. Define function {f,} such as (1), then f,(”) > f(x),x € [a,b], using above two 
lemmas, {f,} is uniformly Henstock integrable on [a,b], and by Lemma 2.1 we have known 
that f must be Henstock integrable on [a,b] and 


(H) [is slim (H) [ f= im. SH) [3 


= yin f sun freon fs 
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Abstract In this paper, the author studies a risk model. Under this model the two claim pro- 
cesses are correlated. Claim occurrence relate to Poisson and Erlang processes. The formulae 
is derived for the distribution of the surplus immediately before ruin, for the distribution of 
the surplus after ruin and the joint distribution of the surplus immediately before and after 
ruin. The asymptotic property of these ruin functions is also discussed. 
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81. Introduction 


Resently, many authors studied various correlated aggregate claims models. In this model, 
the two claim number processes are correlated. Ambagaspitiya(1998) considered a general 
method of constructing a vector of p dependent claim numbers from a vector of independent 
random variables, derived formulae to get the correlated claims distribution. 

On the other hand, Erlang(2) distribution is also one of the mostly commonly used distribu- 
tions in risk theory, for example, Diskson and Hipp(1998)considered the infinite time survival 
probability as a compound geometric random variable under the Erlang(2) risk model. Sun 
and Yang(2004) derived the integro-differential equation and Laplace transform of the joint 
distributions of the surplus immediately before and after ruin for Erlang(2) risk processes. 

In this paper we consider a correlated risk model. Under the assumed risk model the 
claim number processed involve Poisson and Erlang(2) process. We derived the formulae for 
the distribution of the surplus immediately before ruin, for the distribution after ruin and the 
joint distribution of the surplus immediately before and after ruin. The asymptotic property of 


these ruin functions is also studied. 


§2. Model set-up and model transformation 


We define the surplus process 


Ni (t) No(t) 
U(t)=uta- >) Xi- >) ¥, +20, (1) 
i=1 t=1 
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where wu is the initial surplus, c > 0 is the premium rate. {X;,i > 1} and {Yj,i > l}are 
independent random variables with distributions Fy (x), Fy(y), density functions fx(x), fy(y). 


Ni(t) = My(t) + Mo(t), 


(2) 
N2(t) = M(t) + Mo(t), 


here {M,(t),t > 0}, {Mo(t),t > 0} are Poisson processes with parameters A; and Az respec- 
tively. {M(t),t > 0} is a Erlang(2) process with parameter 3. We also assume {Mj(t),t > 
O}, {Mo(t),t > 0} and {M(t),t > 0} are three independent renewal processes. 

Let T denote the time of ruin, so that 


= inf{t > 0: U(t) < O}. 
Then the probability of ultimate ruin with initial surplus is defined as 
v(u) = P(T < w|U(0) =u), u>0. 


The probability that the surplus immediately prior to ruin is smaller than x > 0 with the 
initial surplus u as 
B(u, 2) = P(T <00,U(T_) < 2|U(0) =). 


The probability that the deficit (negative surplus immediately after ruin) is smaller than 
y > 0 with the initial surplus u as 


And the joint probability that the surplus immediately prior to ruin is smaller than x > 0 
and the surplus after ruin is larger than —y with the initial surplus u as 


J(u; @,y) = P(T < 0, U(T_) < #,|U(T)| < y|U(0) = u). 
We also define the following auxiliary probability distribution: 

A(u;@,y) = P(T < 00, |U(T)| > x, U(T_) > y|U(0) = u). 
It is easy to obtain that 


v(u) = A(u; 0,0) 

(u, 2) = A(u;0,0) — A(u; 0, x) 

(u,y) = A(u; 0,0) — A(u; y, 0) 

J(u; x,y) = A(u; 0,0) — A(u;0, x) — A(u;y, 0) + Alu; y, 2) 


QW 


Hence all the four ruin functions can be get from A(u; 2, y). 
From (1) and (2), the model (1) can be rewritten as 


Ni (t) M(t) 
U(t)=ute—- S>xX;,-S Y;, t>0, 
w=1 i=1 
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here N,(t) = M,(t) + M2(t) + Mg(t), is a Poisson process with parameter (A; + 2A2). and its 


distribution function is 


Ai t+ 22 A2 
—— Sp —_—_— F; 
* Ay + 2r2 x (2) + Ay + 2r2 i 


(x). 


Since U(t) is transformed from U(t),the process U(t) can be examined via U(t). 

Let 7T),7>,--- be the inter-arrival times for {X,,i > 1}, then T; are independent and 
exponentially distributed with parameter (A; + 2X2). 

Let £1, L2,--- be the inter-arrival times for {Y;,i > 1}, then LD; are independent and have 
Erlang(2) distribution with parameter 3 ,by the define of Erlang(2, 3) 


L,=Lyj+Li2, 121, 


here Lj, « > 1,7 => 1 are independent exponential random variables with @. In order to 
derive the formulae for the above ruin functions, we consider a delayed renewal process M(t) 


corresponding to Erlang(2, (3), i.e 
Kh=fp, h=LatLle, 122. 


We denote the corresponding ruin functions by @(u), Ai(u; x,y), Bi(u, x), Ji(u; x, y), Gi(u, y). 


§3. Main results 
Lemma 3.1. For anyu>y>0,u>2>0, 
A(uyz,y) = Ate if Fy (z)dz+ [ A(u — <0, y)F (2) 
ute 
+2 [" Aieszy) ~ Alene 


Proof. Consider the time V = min{T), £i;}, we obtain 


A(usa,y) = [ AGoienar= [8 [AG osx, nv] a 


| P(T, >t,V = Ly, =t)Ai(ut ct; x, y)dt 
0 


+f PUT, St,V =T) <H)E[A(u + ct — Xy32,y)] at, 
0 


here 


P(V >#\V =T) =P(V > eV = Ly) =e ™, 
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here A = A, + 2424+ £2. 


utct 
BIA(u+ ot — Xysa,4)] = f Alu = z32,y)dFo(2) + [ 
0 UW 


then 


A(u;z,y) = 5 | re! Ay (u + ct; x, y)dt 
0 


ae 2 fave) utct 
wae | rem f A(u + ct = 250,y)dFyr(2)dt 
0 0 


42 oe) lore) 
Art 2A2 | rem f Tpusct>y} Fx: (z) dt. 
A 0 utct+a 


Putting s = u+ ct yields 


adcas) = off © 


(1 


Differentiating with respect to u 


cA'(u; x,y) 


= —BA\(u;x,y) + “fe 


Cc 


AA 2Xr ed 
AQi+ 2 f 


—(A1 + Qr2)Lrusyyl 


_ A(s—u) 


AM(s—u) 


*Ai(s; w, y)dt 


Co 


Leutet>y}d Px (2), 
+ct+ax 


Oi +22) | oe A(s— z;2,y)dF x: (z)ds 
uU 0 


2r2) | po Tpssy dF x (2)at 
0 sta 


*Ai(s; 2, y)dt — (Ar + 2r2) | A(u — z;2,y)dFy:(z) 
0 


eNee f A(s — 232, y)dFy:(z)ds 
0 


yi (ut x) 4 


Cc 


Ae a teu) a) 


= -BA(uj2,y)~ Ort 22) [Alu a0,ydP ye (2) 
0 


—(Ar + 2r2)Tpusy} Px 


‘(u+ a) +AA(u; 2, y). 


Integrating (4) both sides from 0 to wu gives 


A(u;z,y) = 


Aa) - 5 [Al x,y)ds + —  [/ Alsie.slas 


2 = 
viene [ iA A(s — 232, y)dF'y(z)ds 
0 Jo 


+ 2A2 


Cc 


i Ligsgy lg (s+a)ds. 
0 


Lpssy} Fx’ 


By interchanging integral signs and performing integration ,we get 


Atuse.y) = A029) 2 [(Arlsizy) ~ Alsieay))as 


2 “ a 
see | A(u— 232, y)Fy(z)dz — 
0 


M+2Aq PUT — 
atm | Fy(s)ds, (5) 
c ae 


‘(s+ a)ds 
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here u>y> 0. 
Let u — oo, then 
- Ay+2A2 [°° — 
A(;2,y) = 5 f° (Ar(si2,y) - Asa, y))ds+ 222 [Fu (s)s, (6) 
0 yta 


Putting (6) into (5), we get the following theorem. 
Theorem 3.1. For any u>y>0,u>2>0, we have 


wu) = MEP Reade [uaF eae] +2 [ wrle) veer, 


Biu;x) = Ate [ B(u — 232) Fy: (z)dz+ 2 elea) — Bz; x))dz 


aCe tek if Fyi(zjae+ fo Ci a wFee(elde|+2 [”(Gx(e.u)-Gle wa 


aa | J(u— 252, y)F x1 (z)dz + al (Si(2; 2,4) — F(z; @, y))dz 
0 UU 


The above formulae can be derived by Lemma 3.1 and (3). 


J(uyx2,y) = 


If we assume that there exists r; > 0 and rg > 0 such that 
r—onh(r) =f e"* dF y:(z) -l> ow, 
0 


r+ rasha(r) = f e”*dFy(z) — 1 > oo. 
0 


We can get the result: 


Theorem 3.2. 
jim ef" (A(u; x,y) + Ai(us x,y) < oa OE TrayRCR) 2~*Bh3(R) — ¢ 
Jim e(a(u) + Yi(u)) < a (ase STC 2-1 Bh5(R) -—c 
jim e®"(B(u,y) + Bi(u,y)) < we On DayRUR) + 2-1 Gh5(R) — ¢ 
jm, e™(G(u,y) + Gi(u,y)) < ea On aE + 2-1 Bhi(R) — 
jim ef" (J(u; x,y) + Ji(usx,y)) < oa oe ee 2~"Gho(R) —¢ 
where 


Cc 
Ar + 2A2) px + 271 Bpy 


= 


is the relative security loading, and R is the positive solution of the equation (Aq + 2A2)h4(R) + 
2 Gh) = er 
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Proof. We only prove the first inequality 
love) utct 
Aj(u;z,y) = af a A(u + ct — z; 2, y)dFy (z)dt 
0 
+0 fe Bar eer / A(u + ct — 252, y)dFy (z)dt 
utct+a 
utcet 
(Ay a _ Ai(ut ct — 2:2, y)dFy: (z)dt 
(A1 22) | e- eae) dF'x! (z)dt. 
0 utct+ax 
Putting s = u-+ ct, differentiating with respect to u yields 
cAi(uz,y) = -3 f A(u — z;",y)dFy (z) — Busy f dFy (z) 
atu 
=(A1 “— 2d2) ) fav Ai(u — 2,2 y)dFy (z ) 
“Ot DMuryy [dP ele) + MAi(us 2,9). (7) 
uta 
Integrating (7) both sides from 0 to wu gives 
cAi(ut.y) = cAr(Os2,y) +8 f A(u—x2,u)Fy(2)de 
0 
U = uta = 
+(Ar + 2r2) | Aj(u— 232, y) Fy (z)dz — of Py (z)dz 
0 yta 
Utne _ uU 
-( 42d) fo Pe(eyde +6 [ (Ailsie,y) -Alsiey))ds (8) 
a+y 0 
where u>y> 0. 
Let u — o0,we have 
cAy(0;2,y) = (Ar +22) if. Fy (de + 6 | Fy(z)dz 
yre 
-0 f- (Ai(s; 2, y) — A(s; 2, y))ds. (9) 


From (6)and (8), (9), we have 


A(u; x,y) + Ai(u; 2, y) 
cf PREF + Fy ede 
atu 


Cc 


pf OEE Fe) + SPV) Au~ a0,9) — Alu 20,9) 


By the property of security loading, we have 


~ + 225 _ 
i: (PF (2) + ERY (2))dz <1. 
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In view of the assumption, there exists R such that 


ia Ay + 2A2 5 = 
per @+ 2 Fy (2))de = 1. 
0 c 2c 
Therefore 1 
50° (A(us a, y) + Ar(us 2, y)) 
CO 2 — _ 
= om | (MMR (2) + 2Fy(e))az 
0 c 2c 
1 [~? pA + 225 Ba 
+5 fe OER e+ FF) 
e®(4—-2)( Ay (u— z;2,y) — A(u — 2; 2, y))dz. 
Denote i i 8 
H(2) = SF x (2) + oF v2) 
c 2c 
Applying the renewal theorem to the right hand side of the above inequality, it follows that 
2 fr° eR f° H(z)dzdu 
li Ru Alu: A ‘ < 0 _ uw ; 
ae ( (u; x, y) = 1(u; x, y)) = J; zeR2 H(z)dz 
and _ a 1 hy (R) 
U al 1 
[otf Bx lazau= BOR? - ne) 
[oe Peede= ROR + M(®), 
then ” = 
2f, ef, Hlzjdzdu 2p c 
fe ze*H(z)dz «1+ p On + 2dg) hi (R) +22 BRY(R) — 
where 
_ c 
P™ Oi + 2a)! +21 Buy 
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81. Introduction 


Synchronization is a fundamental phenomenon that enables coherent behavior in coupled 
systems. In 1990, pecora and carroll proposed a successful method to synchronize two identical 
chaotic systems with different initial conditions [1]. Chaos synchronization has received a 
significant attention in the last few years due to its potential applications [3-14]. There exist 
many types of synchronization such as complete synchronization [2], anti-synchronization [4]. 
Mainieri and Rehacek [10] reported a new form of chaos synchronization, termed as projective 
synchronization, that the drive and response systems could be synchronized up to a scaling 
factor (a proportional relation), which is usually observable in a class of systems with partial 
linearity. In this regard, this paper we put forward tracking control method to achieve the 
projective synchronizaiton for chaotic systems. We prove the feasibility of the method from 
theoretic analysis on the basis of two chaotic systems. Numerical simulation are used to verify 
the effectiveness of the proposed scheme. 


We organized this paper as follows. In section 2 we discuss the design of tracking controller. 
In section 3, we present an application of this approach to control of the system and numerical 
simulations demonstrate the effectiveness of the proposed synchronization scheme. Finally 


concluding remark and references close the paper. 


1This work is supported by the Gansu Provincial Education Department Foundation 0808-04 and Scientific 
Research Foundations of Tianshui Normal University of China TSA0938. 
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§2. Design of controller 


Consider nonlinear chaotic system as follows: 


a(t) = f(x), (1) 


to achieve projective synchronization, we assume that system (1) is the drive system and the 
controlled system (2) is response system 


y(t) = fy) +4, (2) 


where u is united controller. The projective synchronization errors between system (1) and (2) 
are defined as 
€ = (€1,€2,°++ ,€n)” = (y1 — 210, Yo — t2Q,*** Yn — na)” 


where a is scaling factor. Then the error dynamical system can be described as: 
é= f(x) +a[f(y) + ul. 


In order to make system (3) controllable, the feedback controller u will be appropriately 
chosen. Let 


u= (f(x) + ela— fy), (3) 


Theorem 1. If we choose the controller as equation (3), this guarantees the asymptotic 
stability of system (3). 


Proof. Construct a Lyapunov function: 
ve a ee: 
V= 9 (ei + €2 + €3), (4) 
The time derivative of V along the trajectory of the error dynamical system (2) is as follows 
V = —(e? + 2 + €2), (5) 


Since V is a positive definite function and V is a negative definite function, according to the 
Lyapunov’s direct method, the system (1) and system (2) achieve the projective synchronization 
under the controller (3). 


§3. Numerical simulation 


In this section, an appropriate controller was designed to achieve projective synchronization 
based on Lyapunov’s direct method. Lorenz chaotic system and hyper-chaotic Lu system are 
chosen to illustrate the effectiveness of the projective synchronization behavior and to illustrate 
the effectiveness of the proposed scheme. 
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§3.1 Projective synchronization of Lorenz system 
The Lorenz system can be described by 
Ly => a(x = £1) 


XQ = CX, — Lg — L12X3B (6) 


£3 = %1%2 — bx3, 


x = (%1,%2,23)" is the state vector, and a,b,c are parameters of this system. 


We define the response systems of (6) as follows 


Yi = a(ye — yr) + U4 
Yo = Cy — Yo — Y1y3 + U2 (7) 


¥3 = yiy2 — by3 + us, 


where u = (ui, U2, U3) is the nonlinear controller to be designed for projective synchronization 
of the two Lorenz systems with the same parameters and the different initial conditions. Define 
the synchronization errors signal between the drive and response systems as e(t) = y(t)—az(t). 
Thus, the error dynamical signal between the drive system (6) and the response system (7) is 


€1 = yr — A(21) 
€2 = Y2 — a( x2) (8) 


€3 = y3 — a(z3), 


then the error dynamical system between the drive system (6) and the response system (7) is 


Ey = a(y2 — y1) + ui — a(a(x2 — 21)) 


€2 = CY — Y2 — Yi y3 + Ug — A(cax, — 2 — 11 x3) (9) 


€3 = y1y2 — bys + ug — a(21%2 — bas) 


The goal of control is to find a controlleru = (u;,u2, U3)! for system (9) such that (6) and 
(7) are in projective synchronization. 
Let us now choose the control functions u,,u2 and u3 as follows 


us = a(a(x2 — 21)) — a(y2 — y1) — €1 


ug = a(cr — £2 — £123) — cy — y2 — Y1ys — €2 (10) 


ug = a(x 22 bar3) Y1y2 — bys — e3, 


If the Lyapunov function candidate is taken as: 


1 
V= 5 (ei + €2 + 63), (11) 


The time derivative of V along the trajectory of the error dynamical system (9) is as follows 


V = —(e? + e2 + €?), (12) 
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according to the Lyapunov’s direct method, the error variables become zero as time tends to 
infinity. 

This means that the two Lorenz chaotic systems realize the projective synchronization 
under the controller (10). 

For numerical simulations, the system parameters a 
such that the two systems display chaotic behavior. We assume that the initial states of the drive 
system and response system are (21(0), 22(0), 73(0) = (1,5, 2) and (y1(0), y2(0), y3(0) = (1,5, 2) 
respectively, we set the scaling factorsa = 2, the state errors is in shown in Fig. 1, and the 


10, b = 8/3, c = 28 are chosen to be 


attractors between two chaotic systems is shown in Fig. 2. 


Fig. 1 The time evolution of the errors with the scaling factor a = 2 


Fig. 2 Two chaotic attractor in three-dimensional phase space with the scaling factor a = 2 


§3.2 Projective synchronization of hyper chaotic Lu system 


We choose hyper-chaotic Lu system as examples to illustrate our proposed synchroniza- 
tion scheme. The hyper- chaotic Lu system can be described by following nonlinear ordinary 


differential equation. The hyper-chaotic Lu system described as follows: 


t, =a(@q—- 24) 4+ 21 
LQ = bx — %12X3 (13) 
3 = —c®3 +2122 


t4 = d%44+ 2173, 
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x = (%1,%2,23,24)" is the state vector, and a,b,c,d are system parameters. 
We take (13) as the drive system and the response system is given by: 


Yi = a(yo—ya) tyr tu 


Yo = by2 — yiy3 + U2 
Y3 = —cy3 + y1yo + ug 


(14) 


Ya = dys + yiy3 + Ua, 


y= (yi, Y2, 43; ya) is the state vector, and u = u(x, y) = (ur (a, y), u(r, y), u3(x, Y), ua(2@, #))* 
is the controller to be determined for the purpose of projective synchronization. Let the vector 
error state be e(t) = y(t) — ax(t). Thus, the error dynamical system between the drive system 


(13) and the response system (14) is 


€) = a(%2 — 1) + 4 — A(a(Yy2 — yr) ya + U1) 


€2 = bry — 4143 — a(by2 — y1y3 + U2) (15) 
é3 = —cx3 + 2122 — a(—cy3 + yry2 + us) 


€4 = d&4 +2123 — a(dya + y1y3 + Ua), 


The goal of control is to find a controller u = (uj, u2,u3, U4)! for system (12) such that 
systems (9) and (10) are in projective synchronization. Let us now choose the control function 


as follows : 

. 7 + . 

Uz = ae —Y1 

* _ o+eo _ 5# 

i sl (16) 
- — agte 7 

B=", ts 

ua = HL — Ya, 


For the numerical simulations, fourth-order Runge-Kutta method is used to solve the sys- 
tems of differential equations (13) and (14). The initial states of the drive system and response 
system are (x1(0), 22(0), #3(0), v4(0) = (1,5, 2,2) and (yi (0), y2(0), y3(0), ys(O) = (11, 15, 12,8) 
The state errors between two hyper-chaotic Lu systems are shown in Fig. 3. Obviously, the 
synchronization errors converge asymptotically to zero and two systems are indeed achieved 


chaos synchronization. 


© 9 9 9 


Fig. 3 The time evolution of the errors with the scaling factors a = 2 
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§4. 


Conclusion and discussion 


In this letter, we put forward tracking control method to realize the projective synchro- 


nization of the chaotic and hyper-chaotic system. We prove the feasibility of the method from 


theoretic analysis and numerical simulations are provide to further verify the effectiveness of 


the proposed scheme. The proposed method is simple and flexible. 
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Abstract The theorems of continuous dependence of bounded ®—variation solutions on 
parameters for Kurzweil equations are established through making use of the functions of 
bounded ®-variation were introduced by Musiclak and Orlicz in paper [2]. The results are 
essential generalization of continuous dependence of bounded variation solutions on parameters 
for Kurzweil equations in paper [6]. 
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§1. Introduction 


Kurzweil generalized ordinary differential equation was introduced in 1957 by Kurzweil 
[1], the functions of bounded ®-variation were introduced by Musiclak and Orlicz in paper [2]. 
The functions of bounded ®-variation and Kurzweil generalized ordinary differential equations 
were connected originally in paper [3, 4], existence and uniqueness theorems of bounded ®- 
variation solutions for generalized ordinary differential equations were established. In this paper, 
the theorems of continuous dependence of bounded ®—variation solutions on parameters for 
Kurzweil equations are established through making use of the functions of bounded ®-variation. 
The results are stronger than that in paper [5], meanwhile the results are essential generalization 
of continuous dependence of bounded variation solutions on parameters for Kurzweil equations 


in paper [6]. 


§2. Preliminaries and definitions 


Definition 2.1.6-7] A function U : [a,b] x [a,b] — R” is called Kurzweil integrable over 
(a, bl, if there is a A € R” such that given « > 0, there is a positive function d(T) such that 
for any 6(7)-fine partition D = {(7;,[a;-1,0,;]),7 = 1,--- ,k} satisfymg 7; € [aj-1,a;] C 


1Foundation item: the National Natural Science Fund of China (10571078); the Department of Education 
Research Fund of Gan su Province (0608 — 04). 
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[7; — 6(75), 7; + 5(7;)], we have 
; 
|S(U, D) — All = || ws, a;) — U(1;,0;-1)| — All <e, 


Ais called the Kurzweil integral of U over [a, 6] and will be denoted by ft DU(r,t), if fp DU (r,t) ex- 
ists then define f," DU(r,t) = =i DU(r,t), set f, DU(r,t) = 0 when a = b. We denote 
by K({a, }]) the class of all functions U which are integrable over [a, }}. 

Let G Cc Rt! be an open set, assume that F : G — R” is a given R”-valued function 
defined for (a,t)€ G,xw € R",teE R. 

Definition 2.2.!-7] A function 2 : [a,b] > R” is called a solution of the Kurzweil 
equation 

e = DF(z,t) (2.1) 

on the interval [a, 3] C R, if (a(t), t) € G for all t € [a, §], and if 


x(s2) — #(s1) = [ DF(2(r),t) 


holds for every pair $1, 82 € [a, (J. 
Let ®(w) denote a continuous and increasing function defined for u > 0 with (0) = 0, 
®(u) > 0 for u > 0, and satisfying the following conditions: 
(Ag) There exist ug >0 and a> 0 such that ®(2u) < a®(u) for 0<u< upg; 
(c) ®(u) is a convex function. 
Let [a,b] C R,-co < a < b < +00. We consider the function x : [a,b] > R", x(t) is of 
bounded ®-—variation over [a, b] if for any partition 7: a= to < t1 <-+- <tm =b, we have 


Vo (2; [a, b]) = sup > O(||x(ti) — 2(ti-1)||) < +00, 


Va (a; [a, b]) is called 6—-variation of x(t) over [a, 6]. We always assume ®(u) satisfying (Az) and 
(c). 

Lemma 2.1.15] (Helly’s extracting theorem) Every sequence x* € BV{ bounded 
in variation includes converging to a function x = z(t) of the class BV pointwise in [a, 0]. 

Given c > 0, we denote B. = {a € R”;||z|| < c}. Let (a,b) C R be an interval with 
—oo <a <b < +o0, and set G = B, x (a,b). Assume that h : [a,b] — R is a increasing 
function and continuous from the left on the interval [a,b], w : [0,-++co) — R is a continuous 
and increasing function with w(0) = 0. 

Definition 2.3.9] A function F : G— R” belongs to the class Fa(G,h,w), if 

(1) The inequality 


|| F(x, t2) — F(a, ti) IIx ®([h(t2) — h(ta))) (2.2) 


holds for all (a, t1), (x, tz) € G; 
(2) The inequality 


I| F(y, te) — Fy, ti) — F(a, ta) + F(a, t1) IIS (Il y — @ )®(h(t2) — ha)I) 
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holds for all (2, t1), (x, t2), (y, t1), (y, ta) € G. 

Lemma 2.2.!°—57] Assume that F : G > R” satisfies the condition (2.2), if x : [a, 3] > 
R”,|[a, 8] Cc (a,b) is such that (a(t),t) € G for every t € [a, 3] and if the Kurzweil integral 
is DF(a(r),t) exists, then for every pair $1, 52 € [a, G] the inequality 


8 
| | DF(#(7),4) Ils Vo (A; [s1, 82]) (2.3) 


holds. 

Corollary 2.1.57] Assume that F : G — R” satisfies the condition (2.2), if a : [a, 8] - 
R”,[a, 2] C (a,b) is a solution of (2.1) then is of bounded @-variation and Va(z;[a, 3]) < 
®(Va(h; (a, B])) < +oo. Moreover every point in [a, 3] at which the function h is continuous 
from the left is a left continuity point of the solution x : [a, 3] > R”. 

Theorem 2.1.84) Let F : G— R” belongs to the class Fa(G,h,w) and let (%,to) € G 
be such that + = @+ F(Z, t7) — F(&, to) € B. is satisfied. Then there exist A~, A+ > 0 such 
that on the interval [tp — A~,to + A*] there exist a bounded ®—variation solution x(t) of the 
Kurzweil equation (2.1) for which 2x(to) = Z. 


§3. Prime results 


Theorem 3.1. Assume that Fy : G — R” belongs to the class Fa(G,hz,w) for k = 
0,1,2,--- where H, hy : (a,b) — R are nondecreasing functions which are continuous from the 
left when k = 0,1,2,---. Assume further that 


®(hy(t2) — he (ti)) < ®(A (te) — A(t1)) (3.1) 
for every a < ty < tg < b. Suppose that 
jim Fi,(x,t) = Fo(a,t) (3.2) 


for (a,t) € G. Let x: [a, 6] > R” is a solution of the generalized differential equation 


dx 


on [a, 3] C (a,b) which has the following uniqueness property: if y : [a,y] ~ R”, [a,y] C [a, 6] 
is a solution of (3.3) such that y(@) = x(a) then y(t) = 2(t) for every t € [a, 9]. 

Assume further that there is a p > 0 such that if s € [a, 6] and || y — 2(s) ||< p then 
(y,s) € G, and let y, € R”,k = 1,2,--- satisfy fm yx = x(a). Then for sufficiently large 


k € N there exists a solution x, of the generalized differential equation 


oe DF;,(z,t) (3.4) 
dt 
on [a, 3] with x, (a) = yx and jim &e(s) = x(s), 8 € [a, B]. 


Proof. By assumption we have (y,a@) € G provided 


ll y—2(a) |< 


112 Xuefeng Liang and Wansheng He No. 4 


or 
Il y— (a+) ||=|] y — 2(a) — Fo(2(a), a+) + Fo(2(@), a) |< a 


Assume that ¢ > 0. By continuity of the function w : [0,-+co) > R,w(0) = 0, there exist a 


6 > 0 such that 
E 


< , 
Vo (A; [s1, 82]) +1 


whenever 0 < ¢t < 6 and [s1, 52] C [a, 8]. Since jim Yk = x(a) then there exist kj € N such 


w(t) 


that for k > k, we have || yz, — x(q) ||< 6. So whenever k > ki, we have 


€ 
A; [s1, S2]) +1’ 


w(\| ve — x(a) ||) < Val 


for [s1, 52] C [a, GB). 
Because 


Il Fe(yx,. 0+) — Fyn, @) — Fe(a(a), a+) + Fi(e(a), @) | 
< w(I| ye — (a) ||) Vo(he; [a+,a]) < w(I| ye — 2(@) ||) Vol; [a-+, al) 
< yournerapstVe(H; lot, al) <e. (3.5) 
By (3.2) we have 


Fi,(x(a), a+) — Fy (x(a), a) — Fo(x(a), a+) + Fo(x(a), av) — 0, (3.6) 
Since yz, — 2(a) for k — oo, we have by (3.5), (3.6) also 
Yk + Fr(ye, a+) — Fe(ye, a) — x(a) + Fo(x(a), a+) — Fo(a(a), a). 


Hence (yz,a@) € G and ((yx + Fr(ye, a+) — Fe(yr,@)),a) € G for k > ky. 
Since the set B, is open there exists d > a such that if t € [a, d] and 


Il @ — (ua + Fe(yx, a+) — Fa(ye,@)) IIS ®(A (1) — H(a+)) 


then (x,t) € G for k > k,. Using Theorem 2.1 we obtain that for k > k, there exists a 
solution x, : [a,d] — R” of the generalized differential equation (3.4) on [a,d] such that 
re (Q) = yx, k > ky. We claim that jim xp(t) = x(t) for t € [a, d]. 

Let us mention that the solution sp of (3.4) exist on the interval [a,d] and that this 
interval is the same for all k > k,. Indeed, looking at the proof of Theorem 2.1 it is easy to 
check that the value d > a depends on the function H which is common for all right hand 
sides Fy, of (3.4). 

By Lemma 2.1, if the sequence (x;,) contains a pointwise convergent subsequence on [a, d] 
then the limit of this subsequence is necessarily «(t) for t € [a, d] by the uniqueness assumption 
on the solution « of (3.2). 

By Corollary 2.1 the sequence (x,),k > ki, of functions on [a,d] is equibounded and of 
uniformly bounded variation on [a,d]. Therefore by Helly’s Choice theorem the sequence (x;) 
contains a pointwise convergent subsequence and (a) is therefore the only accumulation point 
of the sequence(x;,) for every t € [a, dl, i.e. fm x,(t) = x(t) for t € [a, d]. 
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In this way we have shown that the theorem holds on [a,d],d > a. Let us assume that 
the convergence result does not hold on the whole interval [a, 3]. Then there exists d* € (a, 3) 
such that for every d < d* there is a solution x, of (3.4) with x,(a) = yx on [a,d] provided 
k € N is sufficiently large and dm x,(t) = x(t) for t € [a,d] but this does not hold on [a, d] 
for d > d*. By Lemma 2.2 and Definition 2.2 we have 


|| vx (t2) — ve (tr) |< O(| Ax(te) — Ae(tr) |) S$ O(| H(t2) — H(t) |), ti, te € [a,d"), 
for k € N sufficiently large. Therefore the limits x,(d*—) exist and e also have 
lim x;,(d*—) = a(d*—) = x(d*). 


since the solution x is continuous form the left. Defining x, (d*) = x,(d*—), we obtain jim, Lk 
(d*) = a(d*) and this means that Theorem 3.1 holds on the closed interval [a, d*], too. Using 
now d* < ( as the starting point we can show in the same way as above that the theorem 
holds also on the interval [d*,d* + A] with some A > 0 and this contradicts our assumption. 
Therefore the theorem holds also on the interval [a, (]. 

Corollary 3.1. Assume that F, : G — R” belongs to the class Fa(G,h,w) for k = 
0,1,2,--- where h: (a,b) — R is nondecreasing functions which is continuous from the left and 
(3.2) holds. Let x : [a, 8] > R”, is a solution of (3.3) on [a, 6] C (a,b) which has the uniqueness 
property same as Theorem 3.1. 

Assume further that there is a p > 0 such that if s € [a,(] and || y — x(s) ||< p then 
(y,s) € G, and let yx € R", k = 1,2,--- satisfy im Yk = 2(a). Then for sufficiently large 
k € N there exists a solution x; of (3.4) on [a, 6] with x,(a) = y, and fm up(s)=a2(s), se 
(a, 6]. 

Remark 1. This corollary is only a reformulation of Theorem 3.1 for the case when hy = h 
for k= 0,1,2,-"°. 

Remark 2. The assumption of Theorem 3.1 and Corollary 3.1 implies that all the right 
hand sides F, of (3.4),k = 0,1,2,--- have to belong to the same class Fo(G,H,w). In the 
sequel we will aim at weakening this assumption in order to obtain the following continuous 
dependence results that the right hand sides of (3.4) and the right hand sides of (3.3) do not 
belong to the same class F6(G, H,w). 

Theorem 3.2. Assume that F, : G — R” belongs to the class Fa(G,hz,w) for k = 
0,1,2,--- where hy : (a,b) > R, are nondecreasing functions which are continuous from the 
left when k = 1,2,---, and ho : (a,b) — R is nondecreasing functions which is continuous. 
Assume further that 


jim sup ®(hz(t2) = he (t1)) < ®(ho(t2) = ho(t1)), (3.7) 


for every a < ty < to < b. Suppose that (3.2) holds for (a,t) € G. 

Let « : [a, 8] — R”, is a solution of (3.3) on [a, 8] C (a,b) which has the following 
uniqueness property: if y : [a, y] > R”,[a, 7] C [a, G] is a solution of (3.3) such that y(a) = x(a) 
then y(t) = x(t) for every t € [a, ¥]. 
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Assume further that there is a p > 0 such that if s € [a, G] and || y—2(s) ||< p then (y, s) € 
G, and let y, € R", k=1,2,--- satisfy jim, Yr = x(a). Then for sufficiently large k € N there 
exists a solution xz of (3.4) on [a, 3] with x, (a) = yp and jim, te(s)=2(s), $ € [a, J]. 

Proof. A similar result can be shown in the same way as in Theorem 3.1 with minor 
changes arising from the assumption (3.7). 

Remark 3. Theorem 3.1 and Theorem 3.2 show that for a sufficiently close to the limit 
equation (3.3) the solution are pointwise close to the given solution of (3.3). The following 
theorem shows that for a sufficiently close to the limit equation (3.3) the solution are uniformly 
close to the given solution of (3.3). 

Theorem 3.3. Assume that F, : G — R” belongs to the class Fa(G,hz,w) for k = 
0,1,2,--- where hy : (a,b) — R, are nondecreasing functions which are continuous from the 
left when k = 1,2,---, and hg : (a,b) > R is nondecreasing functions which is continuous. 
Assume further that (3.7) holds for every a < t) < tg < b and (3.2) holds for (a,t) € G. 

Let x : [a, 6] — R” is a solution of (3.3) on [a, 6] C (a,b) which has the uniqueness 
property same as Theorem 3.2. 

Assume further that there is a p > 0 such that if s € [a, 8] and || y — 2(s) ||< p then 
(ys) € G, and let y, € R”, k =1,2,--- satisfy im Yr = x(a). 

Then for every 4 > 0 there exists a k, € N such that for k € N,k > k, there exists a 
solution x, of (3.4) on [a, 8] with x, (a) = yz and 


|| ve(s) — a(s) <u, 8 €[a, 6). (3.8) 
Proof. The existence of the solutions x, of the equation (3.4) for sufficiently large k € N 
and the pointwise convergence im xt (s) = 2(s), 8 € [a, G]. can be shown in the same way 
as in Theorem 3.2. 
For showing (3.8) let us consider the difference x;,(s) — (s) for sufficiently large k € N for 
s € [a, G]. By the definition of a solution we have 


(8) — @(s) = yx — (a) + ‘a DF (ee(7), 1) — Fo(2(r), t)] (3.9) 


for every s € [a, fj]. 

Since F;,: G— R” belongs to the class Fa(G,h,,w) for k = 0,1,2,--- and x is a solution 
of (3.3) on [a, 6], therefore by Corollary 2.1 Va(a;[a, 8]) < ®(Va(ho; [a, G])) < +00, and by 
Definition 2.2 and Lemma 2.2 || x(t2) —a(t1) ||< ®(| ho(t2) —ho(ts) |), ti, te € [a, GB]. Therefore, 
x: [a, 6] — R” is a function of bounded ®-variation which is continuous on [a, 3]. Then integral 
f° D[Fy(a(r), t) exists, and 


| f PiFlex).0 —Fo(2(7),t)) || <I f DlFe(e(7), 2) — Fear), Ol 


for k = 1,2,--- and s € [a, ]. 
Assume that ¢ > 0. By continuity of the function w : [0,+00) — R and w(0) = 0, there 


exists a 6 > 0 such that 
E 


WO Teese,g) FI 
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whenever 0 < t < 6. Let 6(r) bea positive function, since jim x (T) = x(r) for every 7 € |[a, J], 
there is a ky € N such that for k > ky we have || x,(7) — x(r) ||< 6(7). So whenever k > ky, 


we have 
€ 


Va (ho; [a, s]) +1 


w(|| ee(7) — 2(7) ||) < 


for [a, s] C [a, J]. 
By the definition of Kurzweil integral, for any division D: a= ty < t) <---<tm=s and 
any {71,72°*+ ,7m} satisfying 7; — 6(7;) < ti-1 < t; < 7 +.6(7;),7 = 1,2,--- ,m, we have 


Il fo Dl Fe(xe(7), t) — Fe(x(r), 4)] | 
<|| fo D[Fe(xe(7), t) — Fe(#(r), #)] 
— ie LFe (te (7), te) — Fe (we (ti), te-1) — Fe(a(7i), te) + Fa(2(7:), ti-1)) || 
+ it |l [Fe (wa (7), ta) — Fe (tn (7a), te-1) — Fae(w(7i), ti) + Fe(e(7i), te-1)] || 
€ + maxy<i<m W(|| ee(T) — e(7) ||) iE O(he (ti) — he(ti-1)) 
Fathetcaper Vo (hes la, 8]) < e+ popetoy B(a(s) — Ax (2) 
< et yofcapgr 8(ho(s)—ho(a)) = e+ yore Vo (ho: la, s]) < 2e. (3.10) 


IA 


et 


IA 


and 


,ti) — Fy(x(vi), ti-1) — Fo(x(7i), ta) + Fo(x(74), ti-1)] Il 
ss Il [Fi (x(7i), ts) — F(a (vi), te-1) — Fo(a(72), ti) + Fo(x(7i), t:-1)] || 
< e+) i-1 Il (AGG), 4) Fe), 41) Polen), 4) Foes), t-1)) |, 3.11) 


By the assumption (3.2), for every uw > 0 there is a kg € N, ko > ky such that 


3 || F(x — Fy(x(7i), ti-1) — Fo(x(7i), ti) + Fo(x(7i), ti-1) IIS 7 (3.12) 
Since € > 0 can be arbitrary, we choice it so that 
bb 

yo 3.13 

eer (3.13) 


By the inequality (3.10), (3.11), (3.12), (3.13) we then obtain for s € [a, /] 


If DiFe(ex(r),2) ~ Fole(r),0)) I 2242+ 8 < & 
Hence by (3.9) we have || xz (s) — x(s) ||<|| yx — 2(@) || +4 for every s € |a, (], finally, we take 
k, € N such that k, > kg and || yz — x(a) ||< § for k > k,. Then we obtain || x,(s) — x(s) ||< pu 
for every s € [a, 6], k > k, and the theorem is proved. 
Remark 4. If the function ®(u) was defined in last section such that 0 < < +00 then 
by Theorem 1.15 in paper [2], we have BVala, 3] = BV[a, G] where BVala wal and BV|a, 6] 


ao) 
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denote the classes of the functions bounded ®-variation and the functions bounded variation 
on [a, @] respectively in usual sense. Hence, the prime results of this paper are equivalent to 
the results of variational stability in paper [6]. 

If lim,,.9+ ew) = 0 then by Theorem 1.15 in paper [2], we have BV[a, 6] C BVa[a, /]. 
Such as if ®(u) = u? (1 < p < +00) we have lim,,_.o+ FG) 


Pp 
= “_=0. Therefore these results are 
essential generalization of continuous dependence of bounded variation solutions on parameters 


for Kurzweil Equations in paper [6]. 
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Abstract It is proved that a ring R in which for every x € R there exists a (and hence the 
smallest) natural number n(x) > 1 such that a”() = x is always a Smarandache Ring. Two 


examples are provided for justification. 


Keywords Ring, Smarandache ring, field, partially ordered set, idempotent elements. 


81. Introduction 


In [14], it is stated that, in any human field, a Smarandache structure on a set A means a 
weak structure W on A such that there exists a proper subset B C A which is embedded with 
a stronger structure S. These types of structures occur in our every day’s life. 

The study of Smarandache Algebraic structures was initiated in the year 1998 by Raul 
Padilla following a paper written by Florentin Smarandache called “Special Algebraic Struc- 
tures”. Padilla treated the Smarandache Algebraic Structures mainly with associative binary 
operation. 

In [11], [12], [13], [14], W. B. Vasantha Kandasamy has succeeded in defining around 243 
Smarandache concepts by creating the Smarandache analogue of the various ring theoretic 
concepts. 

The Smarandache notions are an excellent means to study local properties in Rings. The 
definitions of two levels of Smarandache rings, namely, S-rings of level I and S-rings of level II 
are given. S-ring level I, which by default of notion, will be called S-ring. 

In [3] a ring R in which for every x € R there exists a (and hence the smallest) natural 
number n(x) > 1 such that «"(*) = x is introduced. In the literature such rings exist naturally, 
for instance, the rings Z (modulo integers), Z19 (modulo integers), Boolean ring. 

In this paper we prove that “A ring R in which for every x € R there exists a (and hence 
the smallest) natural number n(x) > 1 such that 2”) = 2” is always a Smarandache ring. 
Two examples are provided for justification. 

In section 2 we recall some definitions, examples and propositions pertaining to Smaran- 
dache Rings. In section 3 we prove our main theorem. In section 4, we give examples to justify 


our theorem. For basic definitions and concepts please refer [3]. 
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§2. Preliminaries 


Definition 2.1.({13]) A Smarandache ring (in short S-ring) is defined to be a ring A such 
that a proper subset of A is a field with respect to the operations induced. By a proper subset 
we understand a set included in A different from the empty set, from the unit element if any 
and from A. 

Example 2.2. Let F[z] be a polynomial ring over a field F. Then F[2] is an S-ring. 

Example 2.3. Let Z12 = {0,1,2,...11} bea ring. Then Zj2 is an S-ring as A = {0,4, 8} 
is a field with 4 acting as the unit element. 

It is interesting to note that we do not demand the unit of the ring to be the unit of the 
field. 

Definition 2.4. Let R be a ring. R is said to be a Smarandache ring of level II (S-ring 
II) if R contains a proper subset A (A #0 ) such that 

(2.4.1) A is an additive abelian group; 

(2.4.2) A is a semi group under multiplication; 

(2.4.3) For a, b € A, a-b=0 if and only ifa=0 or b=0. 

Proposition 2.5.([13]) Let R be an S - ring I, then R is an S - ring II. 

Proposition 2.6.([4]) Any finite domain is a division ring. 


§3. Proof of the theorem 


In this section we show that the ring R in which for every element x € R there exists a 
(and hence the smallest) natural number n(x) > 1 such that 2”) = x is a Smarandache ring. 
For completeness, we write some lemmas from [1]. 

In [3], it is well known that the ring R in which for every element x € R there exists a (and 
hence the smallest) natural number n(a) > 1 such that 2”) = x is commutative and 2”*)-1 


is an idempotent element of R, i.e, for every x € R, 
(ete _ rei ale (i) 


which implies that R has no nonzero nilpotent elements i.e., for every « € R and every natural 
number k > 1 
ze’ =0>2=0. (9) 


Lemma 3.1. Let R be a ring in which for every element x € R there exists a ( and hence 
the smallest ) natural number n(x) > 1 such that 2”) = 2 . The ring R is partially ordered 
by < where for all elements x and y of R 


Cy ay ae, (tit) 
Proof. It is immediate that < is reflexive as rr = x”. Next , let « < y and y < x then 
xy = x7 and yx = y". 
Now 


(x? — xy) — (ya — y?) =0 
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=>2*-—sy—yr+y* =0 


> 2? —ay—ayt+y? =0 
as R is commutative. This implies that 
ag? — Qey+y* =0 


=> (x —y)? =0. 


In view of (ii), we get 


L-y= 


or 
r= y. 


Hence, < is anti-symmetric. Finally, let « < y and y < zi.e., 


ry=2 
and 
yz=y?. 
Now, 
uz= xyz = ry Ly=2x 
So 
v2z= 2 => vet = az 
and 
e2= x. 
But, then 


In view of (ii), we get 


>a <2. 


Therefore, < is transitive. Hence, (R,<) is a partially ordered set. 


Lemma 3.2. Let R be a ring in which for every element x € R there exists a ( and hence 


the smallest ) natural number n(a) > 1 such that a) = x. Then for all elements x, y, z of R 


yo2z=> ry Sr 


and 


(iv) 


(v) 
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Proof. Let x, y, z be any three elements of R. In view of (iii) 
yse=>ye=y" 
=> a(yz) = 27? 
=> (xy)(wz) = (wy)? 
> ry < xz. 
Further, in view of (i) we have 


gel = (x(®)-lyy? 


ze gre)—ly ra y. 


Definition 3.3. Let R be a ring in which for every element x € R there exists a ( and 
hence the smallest ) natural number n(x) > 1 such that 2”‘*) = x. A nonzero element a of R 
is called an atom of R provided for every x € R, 


x<a implies c=a or c=0. (vt) 


More over, R is called atomic provided for every nonzero element r of R there exists an atom 
a of R such that 
acr. 


Lemma 3.4. Let R be a ring in which for every element x € R there exists a ( and hence 
the smallest ) natural number n(a) > 1 such that 2”) = x, and let a be an atom of R. Then 


n(r)-1 


r a=a or ra=0O, 


for every element r of R. 
Proof. By (v), we have 


and since a is an atom by (vi) we have 


r(M-lq =a or r™™-1g=0. 


n(r)-1 


>r a=a or ra=0,( since r™”) =r), 


Definition 3.5. Let R be a ring in which for every element x € R there exists a ( and 
hence the smallest ) natural number n(x) > 1 such that «(*) = x. A subset S$ of R is called 
orthogonal provided 

ry =0 


for distinct elements x and y of S. 

Lemma 3.6. Let R be a ring in which for every element « € R there exists a ( and 
hence the smallest ) natural number n(a) > 1 such that xe™(*) = x. Then the set (e;)ier of all 
idempotent atoms of R is an orthogonal set. 
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Proof. Since for each i € I, e; is both an atom and an idempotent, from Lemma (3.4) it 
follows that e;e; = e; = e; or exe; = 0. 

Lemma 3.7. Let R be a ring in which for every element x € R there exists a ( and hence 
the smallest ) natural number n(a) > 1 such that x”) = a, and let a be an atom of R. Then 
a™@-! is an idempotent atom of R. 

Proof. From (i) it follows that a™”)—1 is idempotent. Now, let « < a"%)-1!. But by (iv) 
we get ax < a" =aie., ax <a. Since a is an atom by (vi) it follows that ax = a or ax = 0. 

If az = a then a®(-1y = a™(—-1, By (iii) we get a1 < x. Hence, x = a™(-1, 

If az = 0 then a”(%)-1z = 0, but az = x?. Therefore x? = 0. By (ii) we get a = 0. 

Lemma 3.8. Let R be a ring in which for every element x € R there exists a ( and hence 
the smallest ) natural number n(x) > 1 such that xe™(®) = x and let (e;)ier be the set of all 
idempotent atoms of R, then for every 7 € I the ideal F; of R given by 


Fi, = {re;/r € R} (vit) 


is a subfield of R. 
Proof. Since e? = ¢;, it follows that e; is an element of F; and also the unit of Fj. 
Now let re; be a non zero element of F;. We show that re; has an inverse in F;. If n(r) > 2 


then by Lemma (3.4) we have (re;)(r™")~%e;) = e;. It follows that r”\")—2e; is the inverse of 
2 


re; in F;. If n(r) = 2 then by Lemma (3.4) we have (re;)(re;) = r7e? = re; = e;. It shows that 
re; has its own inverse in F;. 

Now, we are ready to prove the main theorem. 

Theorem 3.9. The ring R in which for every element x € R there exists a ( and hence 
the smallest ) natural number n(x) > 1 such that 2”) = x is always a Smarandache ring. 

Proof. Let (e;)ie7 be the set of all idempotent atoms of R. In view of the Lemma (3.8), 
for every i € I, the ideal F; of R given by F; = {re;/r € R} is a field of R. Hence, the ring R 


is a Smarandache ring. 


§4. Examples 


In this section we give examples to justify our Theorem 3.9. Further, we show by an 
example that the condition ‘ for every element x € R there exists a (and hence the smallest) 
natural number n(2) > 1 such that 2”‘*) = a’ satisfied by the ring R in our results is a sufficient 
condition but not a necessary condition. 

Example 4.1. Consider the ring Zio = {0,1,2,3,4,5,6,7,8,9} (modulo integers). It is 
obvious that 0? = 0; 12 = 1; 25 = 2; 35 = 3; 48 = 4; 5? = 5; 6? = 6; 7° = 7; 8° = 8; B= 9. 
Therefore the ring 


R= Zi 


satisfies the condition ‘ for every element x € R there exists a ( and hence the smallest ) natural 
number n(x) > 1 such that «”‘*) = 2’. Further, in view of the relation table (see table I), and 
Lemma (3.1), (Z10, <<) is a partially ordered set. The Hasse diagram (see [9]) of the p.o. set 
(Z10, <) is given (see fig. 1) for our use. From the Hasse diagram it is obvious that the elements 
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2, 4, 5, 6, 8 are atoms and the elements 5, 6 are idempotent atoms in (Z19, <). In view of Lemma 
(3.8), the ideals 
Fy = {r 7 5/r €E Zio} = {0,5} 


and 
Fy = {r 6/r = Zio} = {0,2, 4,6, 8} 


are fields. Hence the ring Zj9 (modulo integers) is a Smarandache ring. 


<}O};1;);2)3)/4)/5/6/7)849 

O;V|Vv|Vvi|Vv Jv iv iv iv iv lw 

1 Vv 

2 Vv Vv 

3 Vv 

4 Vv Vv 

5 Vv Vv Vv Vv Vv 

6 Vv Vv 

7 Vv 

8 Vv Vv 

9 Vv 
Table 1 


1 7 


Figure 1: 
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Example 4.2. Consider the ring 


Ze = {0,1,2,3, 4, 5} 


(modulo integers). It is obvious that 0? = 0; 17 = 1; 23 = 2; 3? = 3; 42 = 4; 53 = 5. Therefore, 
the ring R = Ze satisfies the condition ‘ for every element « € R there exists a ( and hence 


the smallest ) natural number n(2) > 1 such that x”) = 2’. In view of the relation table (see 
table II), and Lemma (3.1), (Z, <) is a partially ordered set. The Hasse diagram (see [9]) of 
the p.o. set (Z, <) is given (see fig. 2) for our use. From the Hasse diagram, it is obvious that 
the elements 2, 3, 4, are atoms and the elements 3, 4 are idempotent atoms in (Zg, <). In view 


of Lemma (3.8), the ideals Fy = {r-3/r € Ze} = {0,3} and Fb = {r-4/r € Ze} = {0,2,4,} are 
fields. Hence Z (modulo integers) is a Smarandache ring. 


<|}0O0);1;]2/3)4+/)5 
O;Vv|[v|vivl[viVv 

1 v 

2 v v 

3 v v v 

4 v v 

5 v 

Table 2 
5 1 
4 
2 
0 


Figure 2: 
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Finally, we show by an example that the condition ‘ for every element x € R there exists 
a ( and hence the smallest ) natural number n(x) > 1 such that 2”) = 2’ satisfied by the ring 
R in our results is a sufficient condition but not a necessary condition. 

Example 4.3. In [13] Vasantha Kandasamy W. B. quoted the Example (2.3) for Smaran- 
dache ring. This ring 22 = {0,1, 2,3, 4,5, 6, 7, 8,9, 10,11} (modulo integers) is a Smarandache 
ring but the condition ‘ for every element x € R there exists a ( and hence the smallest ) 
natural number n(a) > 1 such that x) = x’ fails in the ring Zj2 as there does not exist an 
integer n(2) > 1 for the integer 2 in Z;) such that 2”) = 2. Hence, the condition is a sufficient 
condition but not a necessary condition. 
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